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1.4 Results from our human motion experiments on iterative fine-tuning with self-correction.
These graphs show evaluation metrics for the last checkpoint for every generation. This is
the checkpoint used for sampling in the iterative fine-tuning experiments, and it is also the
checkpoint where training is resumed with this new partially synthesized dataset. We can see
that with self-correction, the iterative fine-tuning procedure more stably converges to a better
FID score, and more quickly. When the dataset size is smaller (n = 64, above) we can see that
iterative fine-tuning with no self-correction has a flat Matching score, as well as diverging FID
and Diversity scores, indicating model collapse. And when the dataset size is larger (n = 2794,
below), there is less collapse for iterative fine-tuning with no self-correction, although the
variance of the FID score is worse, as is the average FID across generations. In both cases, we
see that iterative fine-tuning with self-correction outperforms iterative fine-tuning with no
self-correction, and is competitive with the baseline after many generations. . . . . . . . . 14

1.5 How does the self-correction operation affect iterative fine-tuning, qualitatively? Here we
present some visualizations. The prompt which describes the ground truth motion, and which
we use to generate the three other motions, is: “a person stands with feet wide, stretches
both hands up over his head and then swings down by the waist and hangs arms down before
standing up”. We can see that the iterative fine-tuning model produces a motion where
the human moves closer to the camera than the others; this is evidence of model collapse, as
moving feet is irrelevant to the prompt. Additionally, this motion produces single frames that
suddenly snap to a physically impossible position–note the leg penetration through the ground
plane. These negative artifacts do not exist in the motions synthesized from the ground truth,
baseline model, or iterative fine-tuning with self-correction model. Lastly, we note that
the iterative fine-tuning motion depicted here is semantically similar to crawling. We observe
in our experiments with smaller dataset sizes that the iterative fine-tuning model generates
less diverse outputs than the baseline model and the iterative fine-tuning with self-correction
model, and that this crawling pattern appears more often in the latter. Each snapshot is taken
at exactly frame 105 of their respective videos. The two motions on the right come from
models that were iteratively fine-tuned for 50 generations, with a train set of size n = 64, and
a synthetic augmentation percentage of 25%. For all pictures of the human, the camera is fixed
at the same position, and for consistency the image is not resized. . . . . . . . . . . . . . . . 16
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conditional PDF; this is reflected in the KL divergence and smoothness metrics. . . . . . . . 25
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by a factor of → 4.86. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
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Introduction

Humans develop an intuitive understanding of physical dynamics from infancy. We possess an innate grasp
of forward causality, which acts as an internal “physics engine” that allows us to mentally simulate how an
environment will react to a specific action [40]. Adults use this simulation to accurately predict complex
outcomes, such as the stability of a precarious block tower [11]. Equally fundamental is our capacity for
inverse planning under physical constraints, which allows us to harness our intuitive physics to achieve desired
future states [8]. For example, when attempting to sink a billiard ball, we do not merely guess at random
actions; rather, we reason backward from the target destination to calculate the exact strike which ensures that
outcome.

A central aspiration of artificial intelligence is to build systems equipped with this same intuitive under-
standing of the physical world, as this capability is essential for agents to safely plan and interact within
complex environments. At first glance, recent advancements in video foundation models [121, 16] might
suggest we are closing in on this goal. By scaling generative architectures on vast quantities of data, these
models implicitly learn to simulate realistic dynamics, allowing them to generate high-fidelity video sequences
that obey our expectations of the physical world. For example, if we give a video model an image of toppling
dominos, it can generate a visually realistic continuation by generalizing from millions of observed trajectories
of colliding objects seen during training. However, standard architectures do not natively expose interfaces
for explicit physical reasoning; for example, standard generative architectures lack explicit representations
or control interfaces for variables like mass or momentum. A fundamental gap remains between passively
matching a training data distribution and actively modeling causal dynamics. This thesis attempts to bridge this
gap by demonstrating how the intuitive physics already captured by these statistical models can be successfully
elicited, structured, and controlled through the strategic injection of mathematical and physical priors.

This distinction becomes critical when attempting to build action-conditioned transition dynamics models,
sometimes referred to as “world models” [67, 44]. These systems, which predict the future state of an
environment given its current state and an agent’s actions, have obvious utility for interactive media, such as
video games and content creation. More importantly, they are vital for simulating counterfactuals and long-tail
events in safety-critical embodied AI. For example, an autonomous driving system must learn to navigate rare,
out-of-distribution occurrences, such as an elephant crossing a street. Such scenarios are exceedingly difficult
to capture in natural driving logs. By utilizing generative models to synthesize videos of these highly specific
scenarios, practitioners can generate the training data necessary to robustly train and localize decision-making
models before deploying them in the real world.
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Figure 1: Force Prompting via Direct Forces and Goal Forces. A core objective of this thesis is giving
users physically grounded ways to interact with generative models. This figure contrasts two different levels
of physical control. Top, Direct Force: The user pushes the target object directly, and the model generates
the immediate physical reaction (explored in Chapter 3). In this case, that involves directly toppling over
the block. Bottom, Goal Force: The user specifies what they want to happen to the target object. Instead of
moving the object directly, the model must reason backward to figure out how to achieve that goal (explored in
Chapter 4). In this case, that involves inventing a chain of events where a pendulum swings to strike the block.

However, if these generative models are to be trusted for embodied planning and safety-critical training data
synthesis, their physical reasoning must be robust, reliable, and controllable. Standard probabilistic frameworks,
such as maximum likelihood estimation and score matching, are designed primarily to minimize the statistical
distance between generated samples and the training data. Because they lack explicit mathematical or physical
inductive biases, these objectives excel at capturing visual correlations but fail to provide the interfaces needed
to actively guide and reason about physical dynamics. Consequently, their learned physics remains purely
statistical and lacks explicit grounding, meaning that relying solely on these data-driven objectives to build
interactive world models exposes four challenges.

First, without grounding in physical invariants, models are highly vulnerable to distributional drift when
exposed to synthetic or out-of-distribution data. As world models are increasingly tasked with generating
synthetic training data, and inevitably ingest AI-generated content from the web during their own training,
they risk entering “self-consuming loops” [5] where physical inaccuracies compound. Without a physics
correction mechanism to anchor the data distribution, this iterative training leads to severe mode collapse.
Second, a representational mismatch exists between the inherently continuous nature of physical variables,
and the discrete tokenization relied upon by modern sequence models [6]. Standard language modeling
architectures treat discrete buckets as independent, unstructured categories, stripping away the mathematical
relationships between neighboring values. This leaves the model without the continuity inductive bias
necessary to accurately learn and represent continuous probability distributions. Third, standard text-to-
video interfaces are too ambiguous to specify precise physical interventions. While foundation models can
synthesize plausible forward dynamics, they lack the explicit physical conditioning interfaces required to act
as true interactive simulators. Without an explicit force conditioning interface, the video model is unable
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to map interventional inputs, such as specific physical force vectors, to accurate dynamical outcomes. And
fourth, generative objectives optimize for forward prediction and do not naturally support goal-conditioned
planning. Reasoning backward from a desired physical outcome to infer the necessary antecedent actions is
computationally misaligned with standard “next-frame” prediction, meaning models cannot intrinsically solve
causal, goal-conditioned tasks without new training priors.

To address these challenges, this thesis proposes a framework that embeds mathematical and physical
priors directly into the architectures and training procedures of deep generative models. By grounding these
models in deterministic physics simulators, continuous mathematical functions, and explicit physical controls,
we offer concrete methods to adapt sequential “next-frame” prediction models into world models that give
users precise control over the physics in the scene. This framework is developed across four chapters:

• Chapter 1 addresses the training data contamination issue in the context of iterative learning. We
propose the Self-Correcting Self-Consuming framework, which uses a deterministic physics simulator
as a mechanism to correct any corrupted training data before feeding them to the model. We provide
theoretical and empirical evidence that incorporating this physical prior prevents mode collapse when
models are trained on contaminated data including their own synthetic outputs.

• Chapter 2 addresses the mathematical representation of continuity. To overcome the discretization
artifacts of token-based language modeling architectures, we introduce the Fourier Head. By integrating
the mathematical prior of Fourier series directly into the neural network, we adapt discrete language
models to more accurately model complex, continuous probability distributions such as time series.

• Chapter 3 addresses intuitive physics interaction in the context of video generative models. We propose
Force Prompting, which is a framework that allows video diffusion models to learn intuitive physics
control from synthetic data. This allows users to precisely guide open-world video generation using
explicit physical force vectors, removing the need for 3D assets or external physics engines at inference
time.

• Chapter 4 addresses causal planning by proposing the Goal Force framework. We examine how models
can learn to execute a causal sequence of actions toward a specific physical goal. By training models to
propagate physical forces through intermediate causal chains, we demonstrate that video generators can
act as probabilistic visual planners, reasoning backward from a goal state to infer the necessary physical
cause.

The findings presented in this thesis deepen our understanding of how to embed mathematical and physical
priors into deep generative models. Ultimately, these techniques establish foundational steps toward building
interactive models of the world that are reliable, controllable, and capable of explicit causal reasoning within
physical constraints.



Chapter 1

Self-Correcting Self-Consuming Loops
For Generative Model Training

Figure 1.1: What happens after iteratively training a text-conditioned generative model for human motion
synthesis for 50 generations? We simulate a self-consuming loop by creating synthetic data with the latest
generative model, and mixing them with the original data to continue training the next generative model. We
observe that by self-correcting the synthetic data with a physics simulator, the model can successfully avoid
collapse and generate high-quality human motion. Faded poses represent poses from further back in time.
This work provides theoretical and empirical justification for the self-correcting self-consuming loop.

4
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Generative models have been used to synthesize training data for various learning tasks, to varying degrees
of success. For example, for the tasks of image classification and contrastive representation learning, recent
work [7, 116] finds that using data synthesized from generative models rivals using real data. Unfortunately,
there is a gloomier outlook when attempting to generalize this framework to generative model training.

On one hand, there is evidence to suggest that training a generative model with its own outputs in a
self-consuming manner will lead to collapse [5]. For example, after 50 iterations of self-consuming training, a
human motion diffusion model [115] collapses and fails to follow the text prompts or the laws of physics (see
the two examples on the left of Figure 1.1).

On the other hand, evidence suggests that such a framework could avoid collapse, but only when a
“moderate” amount of synthetic data is used [13]. Worse still, this self-consuming scenario might happen
without us knowing, and without us being able to quantify how much synthetic data is being used during
training, due to the wide spread of AI generated content on the internet.

Intuitively, model collapse might be delayed or avoided by incorporating higher quality human generated
data [5], or by manually fixing the “mistakes” in machine created data. Considering the size of datasets used
in practice [103], neither of these options is a scalable solution.

In this chapter, we aim to provide a theoretical analysis of how certain operations would avoid collapse
in self-consuming loops, without any assumptions on the “moderateness” of synthetic data corruption. We
introduce the mathematical abstraction of a self-correction operation. This operation maps synthesized data
that are sampled from the generative model to data that are better representatives from the target probability
distribution that the model is attempting to approximate. Instead of training on a combination of real data and
synthesized data, we propose training on a combination of real data and synthesized and then self-corrected
data. Note that injecting fresh human generated data can be viewed as a special case of this operation.

Our main theoretical findings (Theorem 1.3.3):

(1) The self-consuming model with self-correction is exponentially more stable than the self-consuming
model without any self-correction.

(2) The self-correction procedure guarantees less unwanted variance during self-consuming model training.

In our theoretical study, we assume that correction is ideal in order to obtain rigorous performance
guarantees. In our empirical study, we evaluate whether the same conclusions hold for noisy self-correction
functions. We propose to automate this “self-correction” process by relying on programmed expert knowledge
rather than a human-in-the-loop, such that the function can be applied at scale. We focus on the human motion
synthesis task [42], and implement the self-correction function with a physics simulator-based imitation model
[82]. Our empirical results confirm that our theoretical findings hold in practice:

(1) As illustrated in Figure 1.1, the self-correcting self-consuming model generates higher-quality human
motion than the one without any self-correction.

(2) The self-correction function allows self-consuming loops to avoid collapse even at a high synthetic data
to real data ratio (e.g. 100%).
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Our theory and experiments suggest that self-correction should stabilize self-consuming model training
for any generative modeling task for which there exists a high quality “self-correction” function. We have
released all the code associated with this chapter.1

1.1 Related Work

1.1.1 Learning Representations with Synthetic Data

Real curated datasets are costly to obtain, so there has been much interest in generating synthetic data as
training data for various vision tasks. Azizi et al. [7] demonstrates that text-to-image diffusion models
such as Imagen [101] can generate synthetic examples that augment the ImageNet dataset for better image
classification. He et al. [47] studies how synthetic data from text-to-image models, when used exclusively,
can be used as training data for image recognition tasks. Similarly, Tian et al. [116] finds that using synthetic
outputs from a text-to-image model results in contrastive models whose downstream performance rivals
that of CLIP [95] on visual recognition tasks, including dense prediction. And the work in Jahanian et al.
[55] explored methods for multi-view representation learning by using the latent space of the generative
models to generate multiple “views” of the synthetic data. The above works collectively provide evidence that
some representation learning tasks, when trained on synthetic data from some given generative models, yield
excellent results.

1.1.2 Training Generative Models on Synthetic Data

Another line of reseach investigates the use of synthetic data for training generative models. Shumailov et al.
[105] and Martínez et al. [84] show that the use of model generated content in generative model training results
in model degradation, likely because self-consuming loops remove low-density areas from the estimated
probability manifold. Alemohammad et al. [5] formalize three different kinds of self-consuming generative
models: the fully synthetic loop, the synthetic augmentation loop, and the fresh data loop. In all of these loops,
they iteratively re-train the model from scratch for every new generation. They empirically find that only the
fresh data loop avoids model degradation.

Another recent work [13] considers the problem of iteratively fine-tuning in the context of synthetic
augmentation loops. They find that self-consuming augmentation loops do not necessarily collapse, so
long as the synthetic augmentation percentage is sufficiently low. The authors use techniques from the
field of performative stability [93] to prove the existence of a convergence phenomenon in the space of
model parameters. Our work differs from prior work as we conduct analysis on self-consuming generative
model training when the synthetic data can be optionally corrected. The correction can be performed with
a human-in-the-loop, or by incorporating learned or programmed expert knowledge, as explored for natural
language [102, 127, 129] and human motion [138, 132]. We validate our theory with a practical self-correcting
operations designed for image generation and human motion synthesis tasks.

1Project page: https://nategillman.com/sc-sc.html

https://nategillman.com/sc-sc.html
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Algorithm 1 Iterative Fine-tuning of a Generative Model With Correction

Input: Dreal := {xi}
n
i=1, A, Aft, ϖω // ground truth data, learning procedure, fine-tuning procedure,

correction function
Parameters: T , ϑ, ε // number of retraining iterations, proportion of generated data, correction strength
pε0 ↗ A(Dreal) // learn generative model from scratch on true data
for t = 1 to T do

Dsynth ↗ {ϖω(x̃i)}
→ϑ·n↑
i=1 , with x̃i ↘ pεt→1 // sample ≃ϑ ·n⇐ synthetic data points, pass through correction

function
pεt ↗ Aft(Dreal ⇒Dsynth; pεt→1 ) // fine-tune previous generation using augmented dataset

end for
Return [pε0 , pε1 , pε2 , . . . , pεT ]

1.2 Overall Training Procedure

We describe our proposed procedure in concise language in Algorithm 1, and we explain it in more detail
here. We train the zero’th generation from scratch on the ground truth dataset Dreal := {xi}

n
i=1, and we stop

training when the model is close to convergence. For all the following generations, we fine-tune the previous
generation’s latest checkpoint on a combination of the ground truth dataset Dreal, as well as ≃ϑ · n⇐ synthetic
data points which are generated from the previous generation’s latest checkpoint, and then passed through the
correction function ϖω .

The correction function ϖω is parameterized by the correction strength ε ↑ R↓0, which controls how much
influence the correction function has on the input data points towards increasing a given point’s likelihood
with respect to the target distribution. The other main hyperparameter ϑ ↑ R↓0 is the synthetic augmentation
percent, and it controls the ratio of synthetic data to real data in each iteration of fine-tuning. When ε = 0, we
recover iterative re-training with synthetic augmentation considered in [13]. And if we choose the synthetic
augmentation percent to be ϑ = 0, then each generation simply corresponds to fine-tuning the model on the
same dataset that it was trained on initially.

We now use iterative fine-tuning interchangeably with the more general term self-consuming loop. We
also consider the idealized correction function for our theoretical analysis, and a broader family of practical
correction functions for different data types.

1.3 Theoretical Analysis

1.3.1 Preliminaries

We mostly follow the notation from [13], except for introducing the correction function ϖω . Let us denote by
pdata the ground truth probability distribution that we want to train a generative model to estimate. Suppose
we have some dataset Dreal = {xi}

n
i=1 sampled from pdata. We write p̂data = (1/n)

∑n
i=1 ωxi . More

generally, we use a hat to denote the empirical distribution over finitely many samples from the corresponding
distribution.

Suppose that we have a class of generative models parameterized by ! ⇑ Rd. We denote by pε a
probability distribution in this class with model parameters ϱ ↑ !. We define the optimal model parameters
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within this class to be

ϱϖ = argmax
ε↑↔!

Ex↗pdata [log pε↑(x)], (1.3.1)

where we break ties by minimizing ⇓ϱϖ⇓. Typically, such optimal parameters yield a model pεω which closely
approximates the oracle ground truth distribution pdata, but doesn’t equal it exactly; accordingly, we define the
Wasserstein-2 distance between the distributions to be

ς := dW (pεω , pdata). (1.3.2)

The model weights for the first generation are naturally defined according to the optimization

ϱn0 := argmax
ε↑↔!

[Ex↗p̂data [log pε↑(x)]]. (1.3.3)

This corresponds to training on the finite subset Dreal. Next, let us suppose that the model weights from
generation t are denoted ϱnt . We will formalize a procedure for updating these weights for the next generation
to obtain ϱnt+1. For this, we need to define our correction function, and then we will use it to define the weight
update.

Definition 1.3.1. For any probability distribution, and for any ε ↑ R↓0, we define the correction of strength ε

of distribution pε to be the distribution

ϖωpε(x) :=
pε(x) + εpεω(x)

1 + ε
, (1.3.4)

where pεω is defined in equation 1.3.1. For any augmentation percentage ϑ ⇔ 0, we define the weight update
mapping to be

ϖωG
n
ϑ (ϱ) := local argmax

ε↑↔!
Ĥ(ϱ, ϱ↘) (1.3.5)

:= local argmax
ε↑↔!

[
Ex↗p̂data [log pε↑(x)]]

+ ϑEx↗⊋ϱεpϑ
[log pε↑(x)]

]
,

where p̂data and ⊋ϖωpε are empirical distributions of size n and ≃ϑ · n⇐ respectively.

To continue our discussion from before, our iterative weight update is defined as ϱnt+1 := ϖωG
n
ϑ (ϱ

n
t ).

Note that we use an global maximization in equation 1.3.3 when defining the initial parameters ϱn0 , but we
use a local maximization when computing our parameter update in equation 1.3.5. This difference is analogous
to the differences between how model weights update during initial training, where parameter updates are
more global, and during fine-tuning, where parameter updates are more local.

Understanding the correction ϖωpε(x)

For ε = 0, the correction mapping in equation 1.3.4 simplifies to ϖ0pε = pε, which is just the original
distribution; this corresponds to no correction at all. For ε = 1, it is ϖ1pε = (pε + pεω)/2. And for ε = ↖, it
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is ϖ≃pε = pεω , which corresponds to the optimal distribution. So as ε increases from 0 to ↖, the distribution
ϖωpε has a likelihood profile that matches pε less, and pεω more. As pεω is the optimal model in our generative
model class, this means that as ε increases from 0 to ↖, we have that ϖωpε(x) is a PDF which better represents
the target likelihood that we want to estimate through training the generative model.

In our theoretical formulation, we consider correction functions that correct the probability distribution pε,
rather than the more intuitive (and practical) case of a correction function that corrects individual points that
the distribution is defined over. In Appendix A.3, we specify sufficient conditions under which a pointwise
correction function is guaranteed to correspond to a distribution-wise correction function of the same form as
those which we consider in our theoretical study and therefore can enjoy the theoretical stability guarantees
we prove. We also provide a concrete example of a projection function, in the Gaussian case, which provably
satisfies those conditions. We conduct a series of experiments on this toy example in Section 1.4.

Understanding the weight update ϖωG
n
ϑ (ϱ)

The weight update ϖωGn
ϑ(ϱ) in equation 1.3.5 is a formalization of the intended output of fine-tuning pε

on Dreal ⇒ Dsynth, where Dreal = {xi}
n
i=1 is the ground truth dataset of size n, and Dsynth = {x̃i : x̃i ↘

⊋ϖωpε}
→ϑ·n↑
i=1 is the synthesized-and-corrected dataset of size ≃ϑ ·n⇐. In other words, in an ideal run of stochastic

gradient descent fine-tuning, the model weights ϱ should update to ϖωG
n
ϑ (ϱ), as defined in equation 1.3.5,

when trained on Dreal ⇒Dsynth.
Intuitively, the weight update ϱ ↙∝ ϖωG

n
ϑ (ϱ) avoids the loss of variance in the generated data by ensuring

that at each step, the model is trained on synthetic data which is likelier to have been sampled from the diverse
target distribution. This positive phenomenon is more pronounced when the correction strength ε is larger.

1.3.2 Assumptions

In order to prove our main result, we need some regularity assumptions about the learning procedure. Informally
speaking, we will assume that the class of generative models that we consider is smoothly parameterized by
its model weights; the loss landscape is concave near the ideal model weights; and the class of generative
models does an increasingly good job approximating the target data distribution as the dataset size increases.
We formally quantify and state these hypotheses in Assumption 1.3.2.

Assumption 1.3.2. The following are true.

1. There exists some L > 0 such that, for all ϱ sufficiently close to ϱϖ, the mapping x ↙∝ ′
2
ε log pε(x) is

L-Lipschitz.

2. The mapping ϱ ↙∝ Ex↗pdata [log pε(x)] is continuously twice differentiable locally around ϱϖ, and there
exists some φ > 0 such that Ex↗pdata

[
′

2
ε log pε(x)

]
|εω ∞ ↓φId ∈ 0.

3. There exist a, b, ςOPT ⇔ 0 and a neighborhood U of ϱϖ such that, for any ω ↑ (0, 1), with probability
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1↓ ω over the samplings, we have2

⇓ϖωG
n
ϑ (ϱ)↓ ϖωG

≃
ϑ (ϱ)⇓ ∋ ςOPT +

a
△
n

√
log

b

ω
. (1.3.6)

for all ϱ ↑ U and n ↑ N. Denote this bound by ↼n(ω).

In Assumption 1.3.2 (2), the notation “∞” corresponds to the Loewner order on symmetric matrices: we
write that A ∞ B if B ↓ A is positive semi-definite, and A ∈ B if B ↓ A is positive definite. In particular,
Assumption 1.3.2 (2) implies that the matrix Ex↗pdata

[
′

2
ε log pε(x)

]
|εω is negative definite, and its largest

eigenvalue is at most ↓φ. And Assumption 1.3.2 (3) mirrors the main assumption in [13]; it is motivated by
generalization bounds in deep learning, see e.g. [56, 57]. The interested reader can consult Appendix A.2 for
more details on this assumption.

1.3.3 Iterative Fine-Tuning with Correction

We now have the language to state our main result, which essentially says that if the initial parameters ϱ0 are
sufficiently close to the optimal model parameters ϱϖ, and if the augmentation percentage ϑ is sufficiently
small, then under iterative fine-tuning with correction, we can expect our subsequent model parameters to stay
close to ϱϖ.

Theorem 1.3.3 (Stability of Iterative Fine-Tuning with Correction). Fix an augmentation percentage ϑ ↑ R>0

and a correction strength ε ↑ R↓0. Suppose we have an iterative fine-tuning procedure defined by the rule
ϱnt+1 = ϖωG

n
ϑ (ϱ

n
t ), and suppose that Assumption 1.3.2 holds. Define the constant

↽(ϑ) := ↽(ϑ;φ, ς, L) :=
ϑ(φ+ ςL)

φ↓ ϑ(φ+ ςL)

and fix any ω ↑ (0, 1). If ϱ0 is sufficiently close to ϱϖ, and if ϑ
(
1 +

ςL
φ

)
< 1+ω

2+ω , then ↽(ϑ)/(1 + ε) < 1, and
it follows that the stability estimate holds with probability 1↓ ω:

⇓ϱnt ↓ ϱϖ⇓ (1.3.7)

∋ ↼n(ω/t)
t∑

i=0

(
↽(ϑ)

1 + ε

)i

+

(
↽(ϑ)

1 + ε

)t

⇓ϱn0 ↓ ϱϖ⇓

for all t > 0.

We prove Theorem 1.3.3 in Appendix A.1.

Remark 1.3.4. If we apply Theorem 1.3.3 with correction strength ε = 0, then the iterative fine-tuning
procedure trains successively on a combination of raw synthetic data that has not been corrected using a
correction function and ground truth data. This is exactly the case considered in [13]. Accordingly, the bound
in equation 1.3.7, applied with ε = 0, exactly recovers their result.

2The map ωωG
→
ε is defined similarly to ωωG

n
ε in equation 1.3.5, but with p̂data replaced with pdata, and with ⊋ωωpϑ replaced with

ωωpϑ . See Appendix A.1 for more details. This estimate is identical to the analogous Assumption 3 used in [13], with the only difference
being it is applied to our iterative fine-tuning update function. See Appendix A.2 for further discussion.
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Corollary 1.3.5. Under the assumptions from Theorem 1.3.3, iterative fine-tuning with any amount of
correction outperforms iterative fine-tuning without correction–in the sense that it is exponentially more stable,
and it results in better model weights.

Proof of Corollary 1.3.5. We apply Theorem 1.3.3 with ε = 0, which corresponds to no correction, as well
as with ε > 0, which corresponds to any amount of correction. For any ε > 0, we notice that the RHS of
equation 1.3.7 is strictly smaller than when ε = 0. This guarantees better stability as t ∝ ↖, as well as model
weights ϱnt closer to ϱϖ.

Example 1.3.6. If we apply Theorem 1.3.3 with correction strength ε ∝ ↖, then the bound equation 1.3.7
in Theorem 1.3.3 limits to ↼n(ω/t). This implies that the practical iterate ϱnt approaches the ideal model
paramaters, and is at worst some constant away, that depends on error from the optimization procedure, as
well as statistical error from using finitely many ground truth data samples n.

Note that Theorem 1.3.3 relies on the assumption that the initial model parameters ϱ0 are sufficiently
close to the ideal model parameters ϱϖ, and also that the augmentation percentage ϑ is sufficiently small. We
hypothesize that these assumptions can be relaxed in the case where a correction function participates in the
iterative fine-tuning procedure–intuitively, the correction function should compensate for errors that arise
from ϱn0 being worse, as well as errors that arise from incorporating more synthetic data. We frame this in the
following conjecture.

Conjecture 1.3.7. In the case of iterative fine-tuning with correction, we may relax how close the initial
model parameters ϱn0 need to be to the optimal model parameters ϱϖ, as well as choose a larger synthetic
augmentation percentage ϑ, while still retaining the improved stability estimate equation 1.3.7.

We provide empirical evidence for Conjecture 1.3.7 in Section 1.6 on the human motion synthesis task. In
fact, Theorem 1.3.3 represents partial progress towards this conjecture. Namely, according to Theorem 1.3.3,
for large correction strength ε, we can effectively choose a synthetic augmentation percentage that is twice as
large as we would be able to without any correction, and still be able to meet the assumptions of the theorem.
This is because limω⇐≃

1+ω
2+ω = 1, which is twice as large as the bound when ε = 0.

1.4 Toy Example: Gaussian

We first assume oracle knowledge of the ground truth distribution, and use a toy example to directly demonstrate
the impact of the correction strength ε on model performance and stability as stated in Theorem 1.3.3 and
Corollary 1.3.5. Our ground truth distribution is a 2-dimensional isotropic Gaussian centered at the origin,
i.e., ϱϖ = ((0, 0), I2), and our correction is “distribution-wise” in this idealized scenario. We consider
the more practical setting, where we don’t have oracle knowledge of the target distribution a priori, and
where the data correction is “point-wise”, in the empirical studies in the following two sections. Further,
in Appendix A.3, we show that, in theory, sufficiently well-behaved pointwise correction functions indeed
correspond to distribution-wise correction functions.
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Figure 1.2: Empirical results from our Gaussian toy example. The graph demonstrates that increasing the
correction strength ε, with a fixed augmentation ratio of ϑ = 0.5, improves performance and stability after
self-consuming iterations.

Concretely, our ground truth dataset contains 50 points sampled from the target distribution, which are
used to estimate ϱ500 = (µ0,”0) ↑ R6. We fix our synthetic augmentation percentage to be ϑ = 0.5, and
inductively synthesize a new dataset Dsynth = {yi ↘ N (µt,”t)}

25
i=1. We implement a correction function

to map Dsynth, which was sampled from pε50
t

, to a dataset Dcorrected, which is likelier to have been sampled
from the target density pεω . We do this by sampling Dcorrected from the middle density corresponding to a
given correction strength ε:

ϖω p̂ε50
t
(x) :=

p̂ε50
t
(x) + εpεω(x)

1 + ε
, (1.4.1)

where p̂ε50
t

is the empirical PDF obtained from Dsynth.
We logarithmically accrue synthetic data points to simulate the case of fine-tuning. We obtain the updated

model parameters ϱ50t+1 by computing the sample mean and covariance on this augmented dataset. In Figure 1.2,
we present the Wasserstein distance between the origin-centered isotropic Gaussian target distribution and the
distribution defined by the parameters ϱ50t at each iteration t. Our results illustrate how increasing the correction
strength ε adds stability and results in convergence near better Wasserstein scores in later generations, in
accordance with Theorem 1.3.3. The experiments also demonstrate how even a very small increase in ε

can improve performance over the baseline, in accordance with our claim of exponential improvement in
Corollary 1.3.5.

1.5 Toy Example: MNIST

Our proof uses the optimal target PDF pεω to define the correction function ϖω . This is empirically validated
by the Gaussian toy experiment, which assumes knowing the true target distribution. In practice, the correction
function only depends on the ability to map synthesized data to data which is likelier to have been sampled
from the ground truth distribution. Crucially, this can be achieved without having a complete description of the
target distribution. For example, with our human motion experiments, we will demonstrate that point-wise
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Figure 1.3: Empirical results from our MNIST toy example. These synthesized images demonstrate that after
50 self-consuming iterations at 150% augmentation percentage, the model which is trained using iterative
fine-tuning with self-correction is able to generate higher quality samples than the model trained using
iterative fine-tuning without any self-correction.

correction based on the laws of physics is one proxy approach to make a sample more likely, without knowing
the true target distribution.

One has the freedom to explore alternative approaches to data correction for more general data types, such
as images. For example, one simple heuristic is to identify the “anchor” or “exemplar” images, which are
intuitively representative and likely. The correction function can then be implemented as mapping or morphing
synthesized data towards its nearest anchor, to make the synthesized data more representative and likely. In
this section, we implement this approach on MNIST and study its performance.

For our MNIST [66] experiments, we train a diffusion model [49] for class-conditional image generation,
using a train split of size n = 12000. For our iterative fine-tuning experiments, we train the model for 20
epochs, then synthesize ϑ · 12000/10 images for each digit, and then augment the ground truth dataset with
these to train on for the next generation; every following generation follows the same procedure, but only
trains for a single epoch. We vary our experiments over augmentation percentages ϑ ↑ {0.2, 0.5, 1.0, 1.5}.
To define our self-correction operation, we first compute K-means clusters over the training split for each
digit. Our iterative fine-tuning with self-correction experiments use the same setup described above, except
instead of training on the synthesized images, we train on the synthesized and then corrected images, where
“correcting” an image means finding the nearest centroid in the K centroids for that digit that we computed at
the start of training. We swept the values K ↑ {1, 2, 4, . . . , 1024}, and we found that any reasonably large
K results in the same general trend where self-correction improves the metrics and stability. We report our
results for K = 16, which performs the best.
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Figure 1.4: Results from our human motion experiments on iterative fine-tuning with self-correction. These
graphs show evaluation metrics for the last checkpoint for every generation. This is the checkpoint used for
sampling in the iterative fine-tuning experiments, and it is also the checkpoint where training is resumed with
this new partially synthesized dataset. We can see that with self-correction, the iterative fine-tuning procedure
more stably converges to a better FID score, and more quickly. When the dataset size is smaller (n = 64,
above) we can see that iterative fine-tuning with no self-correction has a flat Matching score, as well as
diverging FID and Diversity scores, indicating model collapse. And when the dataset size is larger (n = 2794,
below), there is less collapse for iterative fine-tuning with no self-correction, although the variance of the FID
score is worse, as is the average FID across generations. In both cases, we see that iterative fine-tuning with
self-correction outperforms iterative fine-tuning with no self-correction, and is competitive with the baseline
after many generations.

We present images synthesized using our trained models in Figure 1.3. These synthesized images
demonstrate that iterative fine-tuning eventually generates many low quality and illegible digits, and this
problem is solved by applying our self-correction operation. Further experiment details, including graphs
of the FID metrics for each generation that provide rigorous evidence for this trend across augmentation
percentages, can be found in Appendix A.4. Our empirical results demonstrate that applying self-correction
improves performance during iterative fine-tuning for our MNIST image generation task across self-consuming
generations, and this relative performance is amplified when the augmentation percentage is larger. The
behavior that we observe is consistent with our theoretical results in Section 1.3, as well as our human motion
experiments in Section 1.6.

1.6 Human Motion Synthesis

Theorem 1.3.3 states that, in theory, iterative fine-tuning with correction should be more stable than iterative
fine-tuning without correction. Crucially, the stability estimates that we prove rely on the dataset size, the
synthetic augmentation percentage, how expressible the generative model class is, and having an idealized
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correction function. To validate how our theory works beyond toy examples, we conduct a case study on
human motion synthesis with diffusion models [115]. We believe this is a natural setting to test our iterative
fine-tuning with correction framework, because synthesizing natural motions is a challenging problem, but
there is a natural and intuitive way to automatically correct them at scale–namely, using a physics simulator.

1.6.1 Generative Model

For our generative model, we use the Human Motion Diffusion Model (MDM) [115]. This is a classifier-free
diffusion-based generative model for the text-to-motion generation task, where the model receives as input
a description of a motion sequence (e.g. “get down on all fours and crawl across the floor”), and outputs a
sequence of skeleton poses which attempt to embody that prompt. Synthesizing human motion is challenging
not only for the diverse and compositional text prompts, but also due to failure of physics obeying-ness (e.g.
feet skating, floating, penetrating a surface), which is not explicitly enforced by deep generative models.

1.6.2 Physics Simulator as Self-Correction Function

For our self-correction function, we use Universal Humanoid Control (UHC) [82], which is an imitation policy
that operates inside the MuJoCo physics simulator [117]. Given an input sequence of humanoid skeleton poses,
UHC attempts to imitate the motion sequence, constrained by the laws of physics imposed by the physics
simulator, and it outputs a new motion sequence that is the closest possible approximation it can replace it
with. For example, if an input motion sequence violates the laws of physics by having a foot penetrate through
the floor, then the motion sequence output by UHC will attempt to remove that physically impossible artifact
while maintaining the semantic integrity of the original input motion. We use VPoser [92] and SMPL [78] to
translate joint representations between the human motion generator and the physics simulator.

The physics simulator allows us to self-correct a synthesized motion automatically. Our underlying
assumption is that by enforcing the physics obeying-ness (via the simulator) and closeness to the synthesized
motion (via the imitation objective), the self-correction function would act as similar as an idealized corrector
as possible.

1.6.3 Experimental setup

We preprocess the MoVi [36] subset of HumanML3D [42] using the official code implementation of Hu-
manML3D. We filter out movements involving interactions with chairs, as UHC by default does not handle
human-object interactions. We take as our train split the train split from HumanML3D, intersected with our
filtered subset of MoVi, and likewise for the test split. This procedure yields a train set of size n = 2794

and a test set of size 546. We further randomly select a smaller training set of n ↑ {64, 128, 256} examples,
to simulate the more challenging scenario when the initial generative model is sub-optimal (due to data
scarcity). The smaller data also enables us to explore larger synthetic augmentation percentage due to compute
constraints. From here, the iterative re-training procedure follows Algorithm 1. We spell it out in this concrete
experimental setup.
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Figure 1.5: How does the self-correction operation affect iterative fine-tuning, qualitatively? Here we present
some visualizations. The prompt which describes the ground truth motion, and which we use to generate
the three other motions, is: “a person stands with feet wide, stretches both hands up over his head and then
swings down by the waist and hangs arms down before standing up”. We can see that the iterative fine-tuning
model produces a motion where the human moves closer to the camera than the others; this is evidence of
model collapse, as moving feet is irrelevant to the prompt. Additionally, this motion produces single frames
that suddenly snap to a physically impossible position–note the leg penetration through the ground plane.
These negative artifacts do not exist in the motions synthesized from the ground truth, baseline model,
or iterative fine-tuning with self-correction model. Lastly, we note that the iterative fine-tuning motion
depicted here is semantically similar to crawling. We observe in our experiments with smaller dataset sizes
that the iterative fine-tuning model generates less diverse outputs than the baseline model and the iterative
fine-tuning with self-correction model, and that this crawling pattern appears more often in the latter. Each
snapshot is taken at exactly frame 105 of their respective videos. The two motions on the right come from
models that were iteratively fine-tuned for 50 generations, with a train set of size n = 64, and a synthetic
augmentation percentage of 25%. For all pictures of the human, the camera is fixed at the same position, and
for consistency the image is not resized.

We first train on the ground truth train split until the model is nearly converged, using all the default
hyperparameters from MDM. We evaluate and save this last checkpoint from generation 0. From here, for
each generation t ↑ {1, 2, . . . , 50}, we run three sets of experiments.

A. Baseline: fine-tune the latest checkpoint from generation t↓ 1 for m batches on ground truth dataset
Dreal.

B. Iterative fine-tuning: fine-tune the latest checkpoint from generation t ↓ 1 on Dreal ⇒ Dsynth,t⇒1 for
m batches. Here, Dsynth,t⇒1 is a synthetic dataset of size ≃ϑ · n⇐ generated from the checkpoint for
generation t↓ 1, using randomly chosen prompts from the train split.

C. Iterative fine-tuning with self-correction: fine-tune the latest checkpoint from generation t ↓ 1 on
Dreal ⇒UHC(Dsynth,t⇒1) for m batches. Here, UHC(Dsynth,t⇒1) denotes a synthetic dataset of size
≃ϑ · n⇐ generated from the latest checkpoint for generation t↓ 1, using randomly chosen prompts from
the train split, which is then corrected by UHC.

We experiment with synthetic augmentation percentages ϑ ↑ {0.05, 0.10, 0.15, 0.20, 0.25} on the larger
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dataset; we set the number of batches seen during generation 0 to be 3125, and the number of batches seen
for each later generation to be m = 625. Separately, we experiment with synthetic augmentation percentages
ϑ ↑ {0.25, 0.50, 0.75, 1.00} on the smaller datasets; we set the number of batches seen during generation 0 to
be 78 ▽ k for dataset size 64 ▽ k, and the number of batches seen for each later generation t > 0 to be m = 16.
We choose to control how many data points the model sees across each generation, rather than controlling
some other quantity like the number of epochs, as this allows each experiment to compare against its baseline
in a controlled way, which in turn allows them to compare against each other in a controlled way.

We compute every evaluation one time for each checkpoint using the evaluation script provided in the
original MDM codebase. Regardless of the train split size, we perform sampling for evaluation using all 546
motion sequences from the test split, since the FID score is sensitive to generated dataset size. We use the same
hyperparameters as those used for MDM, including batch size 64, AdamW [80] with learning rate 1e↓ 4, and
classifier-free guidance parameter 2.5. And for UHC we used the uhc_explicit model for imitation.

1.6.4 Quantitative Analysis of Results

For each of these experiments we report the metrics from MDM, as used by [42]: FID measures how similar
the distribution of generated motions is to the ground truth distribution; Diversity measures the variance
of the generated motions; and Matching Score measure how well the generated motions embody the given
text prompt. In Figure 1.4 we present results from experiments on our 64-size dataset with 100% synthetic
augmentation, as well as our 2794-size dataset with 25% synthetic augmentation.

Our experimental results confirm our theoretical results, that iterative fine-tuning with self-correction
outperforms iterative fine-tuning without self-correction, in the sense that the graphs are generally more
stable across generations, and approach better evaluation metric values. In particular, Theorem 1.3.3 and
Corollary 1.3.5 claim that any amount of idealized self-correction will improve the stability bound during
iterative fine-tuning. Our results in Figure 1.4 demonstrate that the FID score is lower and more stable across
generations when applying self-correction, and generally higher and less stable than the baseline, where there is
no self-consuming training at all. We conduct experiments across multiple seeds, and we find empirically that
this general phenomenon holds consistently, where the self-correction technique consistently yields improved
training dynamics over iterative fine-tuning with no correction. Graphs from these runs can be found in
Appendix A.7.

Our experimental results also provide empirical evidence for Conjecture 1.3.7. Observe that in the
baseline experiments in Figure 1.4, the FID score decreases across generations, which indicates that the initial
model parameters ϱn0 are not that close to the optimal model parameters ϱϖ; additionally, the augmentation
percentages considered in the graph are 25% and 100%. Conjecture 1.3.7 claims that performing self-correction
during iterative fine-tuning improves performance, even when the initial model weights are sub-optimal and
simultaneously the synthetic augmentation percentage is large. This claim is confirmed by Figure 1.4. We
direct the curious reader to Appendix A.6, where we present graphs for all of the above listed training set sizes
and augmentation percentages, providing additional empirical evidence for Theorem 1.3.3, Corollary 1.3.5,
and Conjecture 1.3.7.
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1.6.5 Qualitative Analysis of Results

We visually inspect the generated human motion sequences in order to analyze what concrete effect the
self-correction has on iterative fine-tuning. We find that the correctness and diversity of synthesized motions
are improved by the self-correction procedure, in agreement with our quantitative analysis in Subsection 1.6.4.
We present snapshots of our synthesized motions in Figure 1.5, and we analyze the motions in the caption. In
short, we find that physics-disobeying artifacts such as floor penetration or floating become more pronounced
without the self-correction. We also find that in the model without self-correction, the humanoid sometimes
performs movements completely unrelated to the prompt; our model with self-correction fixes these negative
phenomena. We direct the curious reader to Appendix A.5, where we present more examples from our
qualitative analysis, as well as our project webpage, where we provide side-by-side video comparisons.

1.7 Conclusion

This chapter investigates the learning of generative models when the training data includes machine-generated
contents. We investigate how self-correction functions, which automatically correct synthesized data points to
be more likely under the true data distribution, can stabilize self-consuming generative model training. Our
theoretical results show that self-correction leads to exponentially more stable model training and smaller
variance, which we illustrate with a Gaussian toy example. We then demonstrate how physics simulators can
serve as a self-correction function for the challenging human motion synthesis task, where models trained
with our self-correcting self-consuming loops generate higher quality motions, and manage to avoid collapse
even at a high synthetic data to real data ratio. Future work includes exploring self-correcting functions for
more diverse applications, such as language modeling and text-to-image generation, and investigating when
self-consuming training may lead to overall better generative models.



Chapter 2

Fourier Head: Helping Large Language
Models Learn Complex Probability
Distributions

Fourier Head Learns Higher Quality Densities

Figure 2.1: We task an MLP with learning to approximate a continuous bimodal density using a categorical
distribution and a cross-entropy objective. We observe that a standard linear head fails to distinguish between
the two modes, and overfits to high-frequency noise in the training set. In contrast, our proposed Fourier head
learns a smoother, more accurate categorical distribution.

Human language can be viewed as a discretization for a continuous, often probabilistic representation of
the world that is construed in our mind [109]. The continuous structure can be partially captured by language
models with their token embeddings, where “nearby” tokens are embedded to have latent representations
with high cosine similarities. The embeddings themselves are acquired as a result of the data-driven learning
process. Can we, based on rich prior knowledge about the continuous world, inform the language model about
the underlying continuity of its inputs, like the fact that the word “emerald” is more similar to “shamrock”
than “pine” when they are used to describe different shades of green? As large language models (LLMs)
have evolved into “foundation models” that are adapted to a diverse range of tasks, tokens that are a priori
continuous are more essential than ever, for example for arithmetic computations [77], decision making with
continuous or discrete actions [21], future anticipation and time-series forecasting [6], or simply drawing
random numbers given a probability distribution [51].

We view the problem of informing LLMs to utilize the continuity prior from the perspective of probability
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density estimation. For simplicity, we adopt the standard next token prediction framework whose training
objective is softmax cross-entropy. Assuming non-overlapping vocabulary, continuous values can be discretized
via binning [6]. On one hand, the linear head adopted by LLMs independently projects each token into
probabilities, and has the expressive power to flexibly approximate arbitrary probability density functions
subject to the “quantization” errors. The linear head however does not consider any continuous structure
that resides among the tokens (i.e. a random re-shuffle of the tokens in the vocabulary would not change the
predictions). On the other hand, a head based on a parameterized distribution (e.g. Gaussian or Gaussian
Mixtures) naturally incorporates the continuous structure, but is often too simple (and overly “smooth”) to
account for multi-modal distributions for future prediction or decision making. Can we design a head that is
both expressive and incorporates continuous structures?

We introduce the Fourier head, motivated by Fourier series as universal function approximators. The
Fourier head learns a continuous probability density function, and returns a discrete approximation of it.
Intuitively, returning a discretization of a continuous density in this way allows the classification head to better
model the low-frequency signals from the training data, because the Fourier head is forced to approximate the
categorical distributions using a finite number of frequencies. At a high level, the Fourier head inputs x ↑ Rn,
uses a linear layer to learn the coefficients for a Fourier series with N frequencies over [↓1, 1], and quantizes
the interval [↓1, 1] into m equal bins. Then, the Fourier head evaluates the learned Fourier PDF at those m

bin center points, and returns those m likelihoods as a categorical distribution. The Fourier head builds upon
the Fourier Basis Density Model [27].

Our main contributions are as follows.
Contribution #1: We reveal the underlying principle on the trade-off between the Fourier head’s expressive

power and the “smoothness” of the predicted distributions. We prove a theorem which demonstrates a scaling
law for the Fourier head. Namely, as we increase the quantity of Fourier coefficients learned by the Fourier
head, the layer can model increasingly complicated distributions; however, the Fourier head will necessarily fit
to more high-frequency noise, thereby outputting categorical distributions which are less smooth.

Contribution #2: We propose a practical implementation of the Fourier head capable of sequential
prediction tasks by modeling complex multi-modal distributions. Additionally, we propose strategies to
improve the layer’s performance, including Fourier coefficient norm regularization, weight initialization, and
the choice of how many Fourier frequencies to use.

Contribution #3: We demonstrate the effectiveness of the Fourier head on two large scale tasks, where
intuitively a continuity inductive bias over the output dimensions ought to help the model’s generation
performance. In the first task, an offline RL agent which uses a decoder-only transformer to model the
next-action distribution for an Atari agent, we improve returns across four benchmark games by as much as
377%. In the second, we outperform a state-of-the-art time series foundation model on zero-shot forecasting
by 3.5% across a benchmark of 20 datasets unseen during training.
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2.1 Fourier Head

2.1.1 Fourier Head: Motivation

When practitioners apply LLMs to model complex probability distributions over non-linguistic tokens, a
standard technique is to quantize the latent space into m tokens and learn a conditional categorical distribution
over those tokens. We share two examples here:

Example 1: The Decision Transformer [21] models an Atari agent’s behavior in the Seaquest game by
learning a categorical distribution over the 18 possible actions (move left, move right, shoot left, etc.). They
use an decoder-only transformer architecture.

Example 2: The Chronos time series foundation model [6] models the distribution of next numerical
values by quantizing the closed interval [↓15, 15] into 4096 bins, and learning a categorical distribution over
those bins. They use an encoder-decoder transformer.

In a pure language modeling task, token ID 1000 and token ID 1001 likely represent unrelated words.
However, in a task where the token IDs represent numerical values, the token ID 1000 and 1001 would
represent numbers that are close together.

The final layers of an LLM for such a task are generally a linear layer, followed by softmax, followed by
cross-entropy loss. We hypothesize that in scenarios where nearby token IDs encode similar items, an inductive
bias that encourages them to have similar probabilities will improve performance. A generic linear layer
learns an unstructured categorical distribution and thereby allows more arbitrary probabilities. In this work,
we propose to give the model this inductive bias by letting the classification head learn a categorical
distribution as the discretization of a continuous learned function from a suitably flexible class. We
consider the very flexible class of truncated Fourier series with N frequencies. These are functions of the form

f(x) = a0 +
N∑

k=1

(
ak cos(kϖx) + bk sin(kϖx)

)
. (2.1.1)

Fourier series are a classical tool for solving quantitative problems [110] because functions like Equation 2.1.1
are universal function approximators, with the approximation improving as N increases.

2.1.2 Fourier Head: Definition

We now propose a replacement for the generic linear layer token classification head, built using Fourier series.
We call our replacement the Fourier Series Classification Head, or the Fourier head for short. The Fourier
head inputs any vector x ↑ Rn, and outputs a categorical distribution in Rm. For a high level summary of how
it works–the Fourier head inputs x ↑ Rm, uses a linear layer to extract the coefficients for a Fourier series
over [↓1, 1], quantizes the interval [↓1, 1] into m equal bins, evaluates the learned Fourier PDF at those m

bin centerpoints, and returns those m likelihoods as a categorical distribution. We formally define this layer
in Algorithm 2. The Fourier head is constructed using the Fourier Basis Density Model from [27]. For more
details on the original method (e.g. justification for how learning the autocorrelation coefficients guarantees
that the Fourier series has integral 1, and justification for normalizing the Fourier coefficients by ̸(c0)) we
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refer the author to [27]. We direct the curious reader to Appendix A.10.1 for a low-dimensional demonstration
of the Fourier head in action.

Algorithm 2 Fourier head
Hyperparameters: the input dimension n, output dimension m, number of frequencies N
Initialization: define a linear layer A : Rn

∝ R2(N+1) // maps input to autocorrelation coefficients
INPUT x = (x1, . . . , xn) ↑ Rn

(φ0,⇀0, . . . ,φN ,⇀N ) ↗ Ax

ak ↗ φk + i⇀k ↑ C, for every k = 0, . . . , N // compute autocorrelation coefficients

ck ↗
∑N⇒k

↼=0 a↼a⇑↼+k ↑ C, for every k = 0, . . . , N // compute Fourier coefficients

p(z) = 1
2 + ̸

(∑N
k=1

ck
⇓(c0)

exp(ikϖz)
)

// define Fourier PDF over [↓1, 1]

bk ↗ ↓1 +
1+2k
m , for every k = 0, . . . ,m↓ 1 // define m bin centerpoints

yk ↗
p(bk)∑m→1

j=0 p(bj)
, for every k = 0, . . . ,m↓ 1 // evaluate PDF at m bin centerpoints

OUTPUT (y1, . . . ym) ↑ Rm // by design,
∑m

k=1 yk = 1 and each yk ⇔ 0

2.1.3 Fourier Head: Considerations for Training

We highlight the main design choices of the Fourier head so that users may apply it most effectively.
Training objective: The Fourier head inputs a signal x ↑ Rn and extracts from that signal an intermediate

representation of a probability distribution px(z) defined over z ↑ [↓1, 1]. This probability distribution has a
closed formula equal to a Fourier series. In our experiments, we optimize the parameters of the Fourier PDF
by discretizing it over the latent space and training using cross-entropy loss. However, we should note that the
Fourier layer allows MLE training directly on continuous values, by evaluating the Fourier PDF directly on
the ground truth value in the latent space. But for consistency of comparison, and to demonstrate how easy it
is to swap the Fourier head with a linear layer, we use softmax cross-entropy loss as the objective.

Choice of hyperparameter N : The Fourier head has one crucial hyperparameter–namely, the number of
frequencies. How should one choose this in practice? We offer Theorem 2.2.3 as guiding principle beyond
simple trial and error. This result provides a scaling law which formalizes the smoothness-expressive power
trade-off in choosing the number of frequencies. In general, using more frequencies leads to more expressive
power, and generally better success metrics, but at the cost of a learning less smooth densities, as well as more
model parameters.

Fourier regularization: For a given number of frequencies N , there could be many learned Fourier
models that fit the given data equally well. To encourage a smoother learned model and penalize unnecessary
high frequency content, we follow [27] and add a regularization term that measures the total squared variation
for the Fourier model, to prevent higher order Fourier coefficients from growing too large during training. This
helps ensure that the learned Fourier PDF doesn’t overfit to noise in the data, and therefore has a bias towards
learning smoother densities. In the notation from Algorithm 2, this means adding a regularization term of
ε ·

2ϱ2

m

∑m
k=1 k

2
|ck|2 to the loss function, where ε is a hyperparameter. When picking regularization strength,
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we find that in the low-frequency domain (e.g. frequencies in the single digits) using ε = 0 works best, and in
the high-frequency domain (e.g. greater than 10 frequencies), using ε = 10

⇒6 works best.
Binning strategy: The choice of data binning can impact performance. As discussed, the Fourier head

should only be applied when nearby bins are ‘similar’ in some sense, requiring a semantically meaningful
bin ordering. When bins represent quantized numerical values over a continuous latent space, a ‘mixed-
precision’ binning strategy can improve performance. For example, to model values in [↓15, 15] with most
data in [↓1, 10], allocating more bins to the dense interval improves performance. Given m total bins, a
hyperparameter d ↑ [0, 1) controls allocation, with ≃d ·m⇐ bins for the sparse interval and the rest for the
dense range (estimated from training data). Fourier theory supports this approach, as increasing precision in
dense regions de-localizes the quantized data distribution, localizing the Fourier spectrum. This accelerates
higher frequency decay, enabling effective learning with lower-frequency Fourier heads. Separately, we note
that [27] suggests re-parameterizing the periodic domain to the real line, though we do not use this in our
work.

Weight initialization: The learned parameters for the Fourier head consist of the learned linear layer
which extracts autocorrelation parameters ak. In PyTorch, linear layers use He initialization [46] by default,
which ensures that the linear layer outputs values close to zero in expectation. Similarly, initializing the Fourier
densities to be uniform p(z) → 1/2 improves learning dynamics. We accomplish this by dividing the weights
and biases by a large number, such as 1000, after He initialization; this guarantees that the linear layer outputs
very small values, so that Fourier coefficients output from the autocorrelation step are very small as well.

2.2 Theoretical Analysis of Fourier Head

2.2.1 “Smoothness”: A Metric for High Frequency Content

In this subsection we propose a smoothness metric which inputs a categorical distribution y = (y1, . . . , ym) ↑

Rm, and assigns a numerical value depending on how smooth it is. The score will output 0 if y is the smoothest
possible categorical distribution, and larger values if y is less smooth. We will first specify what we mean by
“smooth”:

Heuristic 2.2.1. We say a function is smooth if it contains very little high-frequency information.

For example, the uniform categorical distribution contains no high-frequency information, so it is the
smoothest possible function, and should get a smoothness score of 0. In contrast, a categorical distribution
containing samples from sin(100ϖx) contains lots of high frequency information, so it should get a smoothness
score greater than 0. We seek to define a metric which measures smoothness according to Heuristic 2.2.1.

We will first develop a smoothness metric in the general case of a function f : [a, b] ∝ R, then specialize
to case of the discrete categorical distribution that we consider in this chapter. If we let φ↽ ↑ R be weights
satisfying

∫≃
0 φ↽d⇁ = 1, and D be some measure of discrepancy such as L2, and let g↽(x) ▽ f(x) denote

the convolution of f(x) with a Gaussian kernel of standard deviation ⇁, then it is reasonable to define the
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smoothness of f to be the quantity

s(f) :=

∫ ≃

0

∫ b

a
φ↽D[f(x), g↽(x) ▽ f(x)]dxd⇁. (2.2.1)

In this expression, the discrepancy D[f(x), g↽(x) ▽ f(x)] measures how different f(x) is from a Gaussian-
smoothed version of itself. Because the Gaussian is a low-pass filter, we can interpret Equation 2.2.1 as saying,
at a high level, that a function is “smooth” if it doesn’t change that much when you remove high frequency
content from it.

In our experiments, we consider discrete categorical distributions, and wish to tractably quantify their
smoothness. Accordingly, we define a specific case of this as follows.

Definition 2.2.2 (Smoothness metric for categorical distributions). Suppose y = (y1, . . . , ym) ↑ Rm is a
categorical distribution, so every yk ⇔ 0 and

∑m
k=1 yk = 1. Denote by g↽ ↑ R2m⇒1 the discrete Gaussian

kernel of standard deviation ⇁ and radius m ↓ 1. Define the weights φ↽ = 6/ϖ2⇁2. Then we define the
smoothness of y to be the constant

s(y) :=
≃∑

↽=1

φ↽⇓y ↓ g↽ ▽ y⇓2. (2.2.2)

We direct the curious reader to Appendix A.9, where we conduct additional experiments to justify this
choice of smoothness metric for our experiments.

2.2.2 A Scaling Law for the Fourier Head, in Frequency-aspect

In this subsection, we share a theorem that analyzes the quality of the Fourier head as the quantity of frequencies
changes. We refer to this as the Fourier head scaling law as it quantifies the trade-off between modeling
capacity and smoothness as the number of frequencies increases. On one hand, it is a celebrated result from
Fourier analysis that a Fourier series with a greater number of frequencies models a larger class of functions;
but on the other hand, we show that increasing frequencies also incurs loss in smoothness. This is to be
expected, as we designed our smoothness metric with the intention of identifying a distribution as less smooth
if it contains more high-frequency information.

Theorem 2.2.3. (Fourier head scaling law.) Consider a Fourier head with input dimension n, output dimension
m, and N frequencies. Suppose that 1 7 N < m

2 . Then the following are true:

1. (Increasing N improves modeling power.) As N increases, the Fourier head is capable of learning a
larger class of densities.

2. (Increasing N degrades smoothness.) Consider an input to the Fourier head x ↑ Rn, and denote by
fx : [↓1, 1] ∝ R the optimal conditional distribution that we would like the Fourier head to approximate
for this input. Suppose that there exists some t ⇔ 2 such that the Fourier coefficients of fx decay on the
order of 1/kt. Denote by fx,N the truncation of fx to its first N frequencies, denote by,b ↑ Rm the m

bin centerpoints in [↓1, 1], and denote by y(N)
= fx,N (,b)/(fx,N (b0) + · · ·+ fx,N (bm⇒1)) ↑ Rm the

discretization of fx,N into m bins. Then, there exist constants C1, C2 > 0 such that

s(y(N)
) = C1 ↓

C2

N2t⇒1
+O(1/N2t

). (2.2.3)
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Toy Example: Learned Conditional Distribution vs True Conditional Distribution

Figure 2.2: Comparison between the PMFs learned by the linear head, GMM head, and the Fourier head, for
two of the datasets in the toy example–Gaussian and Beta. (The GMM dataset is in Figure 2.1.) We observe
that the Fourier head learns a smoother categorical distribution than the linear head over its predicted values.
Furthermore, the Fourier head better fits the true conditional PDF; this is reflected in the KL divergence and
smoothness metrics.

Note that the smoothness scaling law asymptotic in Equation 2.2.3 shows that as N increases, so does
s(y(N)

). Further, note that if the Fourier spectrum of the underlying distribution decays quicker (controlled by
t) then the rate at which smoothness degrades is slower; this is because if what we are learning has little high
frequency content, then increasing the frequencies shouldn’t affect the smoothness of the learned distribution
very much. In part (2), our assumption that the Fourier coefficients decay at least quadratically is reasonable
since if fx is at least twice continuously differentiable, we already know its Fourier coefficients corresponding
to the k-th frequency are in O(1/k2) [110, Ch.2, Cor. 2.4]. Our Fourier weight decay regularization helps
toward ensuring that this condition is met in practice as well. We include a full proof in Appendix A.8.

2.3 Toy Examples

2.3.1 Learning A Continuous Conditional Distribution

We demonstrate the advantage of using the Fourier head to learn a probability distribution for a simple task:
learning the conditional distribution of the third number in the sequence given the first two. Here we will use
q(z) to denote the quantization of z.

Dataset: We create 3 synthetic datasets, which we name Gaussian, GMM-2, and Beta. Each dataset
consists of 5000 quantized triples {(q(x), q(y), q(z))} ∀ [↓ 1, 1]3. Crucially, z is sampled from a distribution
which is conditioned on x and y, and we have an explicit closed formula for this distribution. By design, the
Gaussian dataset is unimodal in z, whereas the more challenging GMM-2 and Beta datasets are not unimodal.
Full details about the datasets can be found in Appendix A.10.2.

Task: Predict the conditional distribution of q(z) given the quantized tuple (q(x), q(y)).
Model architecture: Our model is an MLP with ReLU activations and one hidden layer, which maps

R2
∝ R64

∝ R32
∝ R50. The output of the model has dimension 50 because we quantize the interval

[↓1, 1] into 50 bins. We consider two baselines alongside the Fourier model. For the first baseline, the
classification head is a linear layer; for the second baseline, the classification head is a Gaussian model
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KL Divergence (∃) Smoothness (∃)
Dataset Linear Fourier Linear Fourier
Gaussian 0.170 ± 0.052 0.116 ± 0.043 0.116 ± 0.049 0.057 ± 0.011
GMM-2 0.238 ± 0.032 0.146 ± 0.033 0.068 ± 0.022 0.038 ± 0.007
Beta 0.234 ± 0.032 0.191 ± 0.016 0.127 ± 0.044 0.076 ± 0.021

Table 2.1: We compare metrics between the linear head, and the Fourier head with 12 frequencies and no
regularization, for every dataset in our toy example. We observe that the Fourier head outperforms the linear
head across all metrics. Notably, using Fourier head improves the KL divergence (the primary success metric)
on average by approximately 40%. We aggregate metrics over 4 different seeds and report the standard
deviation.

mixture classification layer with two Gaussians, where the means and standard deviations are learned; for the
Fourier model, the classification head is the Fourier head. We sweep over frequencies N = 2, 4, . . . , 20, and
consider regularization ε ↑ {0, 10⇒6

}. We train those models via cross-entropy loss.1 We also consider a
regression-based model, trained using MSE.

Model evaluation: We use three metrics for evaluation. Our first metric is the average KL diver-
gence DKL(q(P(x, y))||M(q(x), q(y))), where P(x, y) is the fixed conditional distribution of z given (x, y);
q(P(x, y)) is the quantized approximation of P(x, y), obtained by evaluating the density function of P(x, y)

at the bin centers, multiplying by the bin width, and finally scaling by the sum of the likelihoods; and
M(q(x), q(y)) denotes the predicted categorical conditional distribution of q(z). Our second metric is smooth-
ness. And our third metric is MSE, where we consider the expected value of q(z) under the learned categorical
distribution as a prediction for q(z).

Results: The metrics for the best performing model on each dataset are reported in Table 2.1. Figure
2.2 presents sample visualizations of the learned conditional distributions alongside the true densities. And
in Appendix A.10.2, we present the results of a study on the impact of number of frequencies and Fourier
regularization. Notably, this study provides empirical evidence for the Fourier head scaling law in Theo-
rem 2.2.3, as it demonstrates that for all datasets, as frequency increases, the smoothness degrades, and model
performance improves until it reaches a saturation point. Crucially, we observe that the Fourier head flexibly
learns all three distributions better than the linear baseline does. We note that the Fourier head outperforms the
linear head on MSE as well; we include a complete comparison with both Linear and GMM head baselines in
Appendix A.10.2. Additionally, in Figure A21 (Appendix), we demonstrate that the regression model simply
regresses to the mean of the conditional distribution. Accordingly, the regression model performs well for the
unimodal Gaussian dataset, and it performs poorly for the bimodal datasets GMM-2 and Beta.

2.3.2 Are LLMs Random Number Generators?

Suppose that we query an LLM with the following prompt, repeatedly: “The following is a list of normally
distributed random numbers in the interval [-1, 1] with mean 0.55 and std 0.10: 0.57, 0.36, ”. Would the

1Note that we also demonstrate the possibility of training a continuous version of the Fourier head, using a maximum-likelihood based
objective. Accordingly, we carry out experiments in the continuous domain analogous to those we did in the quantized domain; for
more details, see Appendix A.10.3.
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Using Llama-3.1-8B-Instruct to Simulate Gaussian Sampling

Figure 2.3: We demonstrate that the baseline Llama model does a poor job simulating Gaussian sampling, as
measured by the Total Variation Distance between the ground truth quantized Gaussian histogram, and the
empirical histogram of samples. We find that LoRA fine-tuning improves the results by a factor of → 2.07,
and that using the Fourier head improves the output distribution by a factor of → 4.86.

model outputs be approximately Gaussian? In this empirical study, we simulate Gaussian sampling using
the Llama-3.1-8B-Instruct model [31]. We demonstrate that this language model struggles to generate high
quality numerical Gaussian samples. We consider two possible interventions: LoRA fine-tuning the base
Llama model, and LoRA fine-tuning the base model while also replacing the linear classification head with a
Fourier head. We find that LoRA fine-tuning improves the learned distribution significantly, and replacing the
linear head with the Fourier head improves the distributions even further. We present an illustrative example of
this phenomenon in Figure 2.3. See Appendix A.10.4 for experiment details and some related works.

2.4 Large-Scale Study: Offline Reinforcement Learning

The Decision Transformer [21] reframes reinforcement learning as sequentially modeling rewards, states, and
actions. We evaluate its performance on the Seaquest game from the Atari [12] benchmark. The Seaquest
game contains 18 actions, with two groups of eight actions that have a natural “closeness” metric defined on
them: move left, up left, up, up right, right, down right, down, down left; as well as shooting in those eight
directions. The original architecture uses a decoder-only language model [94] to encode context and map
it through a linear layer, producing a categorical distribution over actions. At test time, the agent samples
from this distribution to select its next action. We replace the linear classification head with a Fourier head,
introducing a prior that semantically similar actions (e.g., ‘move left’ and ‘move up left’) should have similar

Normalized Returns for Decision Transformer Agent

Atari Game
Classification Head BankHeist DoubleDunk Gravitar Seaquest
Linear head ↓0.09± 0.05 ↓72.72± 33.08 1.32± 0.17 2.53± 0.63
Fourier head 0.92± 0.33 45.45± 36.36 4.98± 0.93 3.70± 0.47

Table 2.2: We present returns obtained by the Decision Transformer agent using the linear baseline, and
the Fourier head, across the four Atari games. We compute the returns (mean and standard deviation) by
averaging over four seeds. Across all these games, the Fourier head significantly improves the normalized
returns obtained by the agent.
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Figure 2.4: We present empirical results for how the quantity of Fourier frequencies impacts returns and
smoothness for the imitation learning task. For normalized returns, higher is better; for smoothness, lower is
better. We can see that the Fourier agent achieves higher normalized returns than the linear baseline agent
when sufficiently many Fourier frequencies are used, while still learning smoother next-action distributions.

likelihoods. Our results show the Fourier head improves returns by as much as 46% in the reward-conditioned
setting, using identical training hyperparameters.

Task: In the Seaquest game, the agent moves a submarine to avoid enemies, shoot at enemies, and rescue
divers. We consider this task in the Offline RL setting. The agent observes the past states, actions, and rewards,
as well as the return-to-go, and attempts to predict the action that matches what an agent operating like the
dataset would likely do. We also consider three other Atari games with the same action space: BankHeist,
DoubleDunk, and Gravitar.

Dataset: We use the same dataset from the original Decision Transformer implementation [21]. This
dataset consists of 500k transitions experienced by an online deep Q-network agent [87] during training on the
Seaquest game.

Model architecture: [21] used the GPT-1 model [94] to autoregressively encode the context, which is then
fed through a linear layer of dimension 18, and the model ultimately optimizes the cross-entropy loss between
the action logits and the ground truth action from the dataset. We refer to this model as the linear baseline. To
create our Fourier-N version, we simply replace the linear head with a Fourier head with N frequencies and
Fourier regularization ε = 10

⇒6. In our experiments we consider frequencies N ↑ {2, 4, 6, 8, . . . , 30, 32}.
Model Evaluation: We present results for the linear baseline and Fourier-N head (N ↑ 2, 4, 6, . . . , 30, 32)

across four Atari games, showing mean reward totals for rollouts at the best epoch across four seeds. Table 2.2
demonstrates significant return gains with the Fourier head. For example, Seaquest returns increase by up to
46.2%, while Gravitar sees as much as a 377% boost. Figure 2.4 shows improved Seaquest performance as
the number of frequencies grows, with learned PMFs becoming less smooth, aligning with Theorem 2.2.3.
Qualitative results in Figure A24 (Appendix) highlight the smoother PMFs produced by the Fourier head.
Additional results for BankHeist, DoubleDunk, and Gravitar in Figure A27 (Appendix) confirm that the Fourier
agent consistently outperforms the linear baseline while maintaining smoother next-action distributions.

Ablations: We analyze whether model size has any effect on the relative performance of the Linear
head and the Fourier head. The results in Figure A25 (Appendix) demonstrate that, across model sizes, the
Decision Transformer with a Fourier head is better at learning high-quality next action distributions than the
Decision Transformer with a Linear head. We also analyze whether dataset size has any effect on the relative
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Chronos Time Series Model MASE (∃) WQL (∃) Smoothness (∃)
Linear 0.883 0.750 0.1689 ± 0.1087
Fourier-550 0.852 0.749 0.0283 ± 0.0224

Table 2.3: We present large-scale experiments on Chronos time series forecasting. The best-performing Fourier
model outperforms the linear baseline both terms of the continuity of the learned probability mass functions
(smoothness) for the quality of the forecasts (MASE, WQL).

performance of the Linear head and the Fourier head, and obtain a similar result. In Figure A26 (Appendix) we
show that, across dataset sizes, the Decision Transformer agent with the Fourier head achieves larger returns
than the agent with a linear head.

2.5 Large-Scale Study: Probabilistic Time Series Forecasting

The Chronos time series foundation models [6] “learn the language of time series”. They do this by approaching
time series forecasting as language modeling, by tokenizing the quantized number line, learning token
embeddings for each of those quantized values, and finally learning a categorical distribution to decide what
the next value ought to be. This model is built on top of the encoder-decoder T5 model [96]. In particular,
this model normalizes time series values to the range [↓15, 15] and quantizes this interval into 4096 tokens.
As usual for language modeling, the final layer is a linear map which learns a categorical distribution over
next tokens. In particular, we observe that token i represents a number very close to tokens i↓ 1 and i+ 1.
However, we note that there is no inductive bias in the T5 architecture which pushes their likelihoods to be
similar. This is not a hypothetical problem; in Figure A28 (Appendix), we can see that the linear next-token
prediction PMFs fit to the noise, and appear very jagged.

The motivation for replacing the linear head with the Fourier head is to “smooth” out the distribution
in the left side of Figure A28, to help the forecasting model better learn the signal, and ignore the noise.
In this figure, we can see that the Fourier head accomplishes this successfully.

In this section, we study how the performance of the Chronos time series foundation model changes when
we pre-train using the Fourier head, instead of the linear head. For all of the frequencies that we consider,
the Fourier head outperforms the Chronos linear baseline on the MASE metric, while learning next token
multinomials which are at least 8x smoother, with fewer parameters than the baseline.

Dataset: We use the same training dataset for large-scale pretraining that Ansari et al. [6] used. We gather
an evaluation benchmark of 20 time series datasets which were not seen during training. These 20 come from
the zero-shot eval from [6]. The reader can check Appendix A.11.2 for details on the training and evaluation
datasets we used.

Model architecture: We use the Chronos model, which is built using the T5 architecture [96]. The
original model has a linear classification head. For our study, we will replace this with a Fourier head with
frequencies N = 64, 128, 256, 550. We use mixed precision binning; this is informed by an analysis of the
Fourier spectrum of the next-token distribution, as described in Section 2.1.3. We also use Fourier weight
decay regularization with ε = 10

⇒6. For the task, the model learns to input time series context of length 512,
and output a probabilistic forecast of length 64. At test time, the model chooses the next numerical token by
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sampling from the next-token distribution
Model evaluation: We have two sets of metrics: model performance from [6] (MASE measures the

accuracy of median forecast, and WQL measures the quality of the probabilistic forecast), as well as our
smoothness metric. Our Fourier metrics in Table 2.3 demonstrate that every Fourier model outperforms the
linear baseline for MASE and smoothness. Furthermore, for the largest Fourier model that we consider, Fourier
outperforms linear on WQL as well.

Ablations: The results in Table A5 (Appendix) show that mixed precision binning and regularization
improve the MASE and smoothness for the Fourier head, and that using more Fourier frequencies improves
MASE and WQL. Additionally, we show that the Fourier head yields more accurate forecasts than the linear
head across dataset sizes and model sizes (Figures A29 and A30, Appendix).

2.6 Related Work

LLMs outside of natural language domains: LLMs are often adapted to domains beyond natural language,
as general purpose sequence models. For example, they have been used in protein synthesis [83], time series
forecasting [6, 24, 59, 89, 100, 58, 146, 123], music generation [28, 2, 23, 137], and as well as in decision
making [69, 21].

We consider three categories to adapt LLMs to non-language domains: when the output of a language-
trained LLM is used as a feature for some out-of-domain task; when a language-pretrained LLM is fine-tuned
on a domain-specific task; and when an LLM architecture is trained on a domain-specific dataset from scratch.
Our work directly considers the latter method of LLM adaptation, particularly in settings where the outputs
approximate continuous values. We note that using LLMs to model numerical functions has seen success
in continuing sequences [86] but has been challenging for modeling samplers for probability distributions
[51]. In a related direction, Razeghi et al. [97] found that model performance on numerical reasoning tasks
is correlated with the frequency of specific numbers in its corpus. Further, some have re-framed continuous
regression as a descretized classification problem to leverage LLMs in numerical modeling contexts [108]
or RL contexts [33]. While even frozen LLMs with no further training show interesting empirical results as
regressors [119], there is a conceptual mismatch between the downstream task and model construction because
tokenized numerical values trained using cross-entropy loss does not explicitly enforce numerical relationships
between the tokens.

Fourier series in neural networks: Many works leverage the Fourier transform as a data pre-processing
step or a deterministic transformation within the network, or use Fourier analysis to motivate design choices.
It is far less common to learn the Fourier series directly. De la Fuente et al. [27] learned marginal univariate
densities parameterized using a Fourier basis; our work extends their Fourier Basis Density model to multi-
variate settings with an autoregressive scheme. Our method learns conditional univariate densities using a
Fourier basis, where the coefficients of the Fourier density model are input dependent. Sitzmann et al. [107]
proposed sinusoidal activation functions, which can be seen as learning the frequencies of a Fourier series; in
contrast, we fix the frequencies to the canonoical choice {1, 2, . . . , N}, and learn the amplitudes. This allows
the Fourier head to more directly benefit from approximation results from Fourier analysis.
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2.7 Conclusion

We propose the Fourier head and demonstrate its positive impact on performance on several tasks. We prove a
scaling law that characterizes the trade-off between the model’s expressivity and the smoothness of its output
distribution. The Fourier head is a modular architecture that can be easily added to existing models that
would benefit from the continuity inductive bias that the head imparts. The Fourier head extends the already
extensive reach of LLMs into more diverse, numerical, and probabilistic domains. Future work includes
exploring alternative training objectives that do not depend on discretizing probability density functions, and
incorporating the Fourier head in general-purpose LLM training, where the head can be adaptively employed
when needed.



Chapter 3

Force Prompting: Video Generation
Models Can Learn and Generalize
Physics-based Control Signals

Humans develop an intuitive understanding of how objects respond to forces since infancy [128, 118]: a gentle
poke causes a plant to sway, while a breeze creates rippling patterns across fabric. Do video generation models,
which encode powerful visual and motion priors through internet-scale pretraining, possess a similar level
of intuitive physics understanding? And if so, how to elicit their capabilities to interact with force inputs? A
positive answer to these questions would provide a more flexible and expressive interface for video content
creation, enable interactive video generation with user input (e.g., generating a video game), and eventually
lead to an intuitive world model for intelligent agents to plan and make decisions with.

We introduce Force Prompting, a step towards incorporating force-based control (direction and magnitude)
into video generation models. We explore two distinct categories of force prompts: local force prompts,
such as instantaneous pokes or pulls applied to specific regions, and global force prompts, such as sustained
directional wind that affects the entire scene uniformly. Crucially, as manually collecting force annotations
from natural videos is both costly and difficult, we instead leverage physics simulators (e.g., Blender) to
hand-craft perfectly annotated training data. With our data creation pipeline, we specify a collection of objects
along with the force conditions, and simulate the resulting dynamics to obtain the paired training videos. We
hypothesize that such sim2real generalization is feasible because state-of-the-art video generation models
already encode strong priors about visual dynamics, and our paired force-video data serves the role of eliciting
their understanding of the physics-based control signals.

We implement Force Prompting by introducing additional force control as local or global vector fields on a
video generation model [135] conditioned on initial frame and text. We also curate an evaluation benchmark
of diverse objects and motion types to evaluate global and local force prompts. As illustrated in Figure 3.1, our
main finding is that despite the synthetic visual appearance and few objects (flying flags and rolling balls) in
our training data, video generation models can indeed learn to execute fine-grained force prompts, and exhibit

32
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2) Video generation model generalizes force conditioning

1) Train a force conditioned video model with limited synthetic paired data 

Global Forces (Wind)

Input: Force, Image, Text Output: Video Input: Force, Image, Text Output: Video

Generalizes to Different Settings and Materials

Hints at Mass UnderstandingGeneralizes to Different Affordances

Generalizes to Different Objects and Geometries

Local Forces (Poke)

Figure 3.1: Force prompting allows users to apply either global or local forces to objects in an image and
then generate the resultant video. Despite being trained on a limited set of synthetic videos (15k for global
force and 23k for local force), we observe significant generalization to different settings, materials, objects,
geometries, affordances, and some initial hints at mass understanding. Trajectory visualization or alpha overlay
are incorporated to better illustrate movement for some examples.

surprisingly strong generalization behavior across diverse settings, object shapes and materials, geometry, and
affordances. Through extensive human evaluations, we demonstrate that Force Prompting exhibits superior
adherence to physical instruction while maintaining realistic motion and visual quality, when compared to
text-conditioned baselines. This validates our hypothesis that synthetic data can teach video generation models
intuitive physics and control without damaging their video priors. We further show that simply extrapolating
the future by treating forces as local trajectories is insufficient, and our approach significantly outperforms
the state-of-the-art in trajectory-controlled video generation [35]. Notably, Force Prompting can be trained in
approximately a single day on four NVIDIA A100 GPUs. We also try to understand the cause of this strong
generalization and perform a careful ablation on the training data. We find two elements that appear important
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to generalization: visual diversity in the training data with respect to the control signal and the usage of certain
text keywords at training time, which appear to help elicit the understanding of force control signals.

In summary, our main contributions are as follows:

1. We introduce physical forces as conditioning signals for video generation through two models: one for
localized point forces and another for global wind forces.

2. We find that video models can execute precise force prompts with broad generalization to different
settings, objects, geometries, and affordances despite minimal training data (15K videos) and modest
computational resources (one day on four A100 GPUs). We also attempt to understand the source of
this generalization and perform careful ablations on the training data, finding two key elements: visual
diversity with respect to the control signal, as well as the usage of text keywords at training time, which
appear to help elicit understanding of force control signals.

3. We show that our force-conditioned model has some degree of mass understanding, where the same
force can cause a lighter object to move farther than a heavier one.

We release all datasets, code, and models on our project page, https://force-prompting.github.io/.

3.1 Related Works

Video generation: In the last several years, video generation models have made rapid progress in visual quality
and realistic dynamics [106, 50, 14, 38, 10, 16]. In particular, Sora [16] was one of the first video generation
models to demonstrate truly compelling diverse real-world physical phenomena and directly advocated for
the future use of using video generators as simulators for the physical world. In the last half year, significant
progress has been made by open source models such as CogVideoX [135] and Wan 2.1 [121], even approaching
the quality of closed-source models. While these models act as strong video priors, they primarily use text and
images as input and lack precise control over general actions or other physical inputs.

Controllable video generation: As video models have rapidly progressed, so too has the accompanying
field of controllability for these models with the majority of work in this domain focusing on either camera
control [45, 143, 112] or various paradigms of motion control [136, 22, 124, 104, 90, 130, 35, 70, 88, 141],
such as drag-based, trajectory-based, and optical flow-based techniques. Many of the existing motion control
models [136, 22, 141] require the complete pre-specified trajectory, specifying the location of the pixel on
every generated frame. This reliance on full temporal information makes it difficult to use these models for
simulation or prediction tasks.

Motion Prompting [35], a concurrent work, uses spatio-temporally sparse trajectories as a conditioning
signal, enabling users to specify motion over a few frames for video extrapolation. While this might superfi-
cially resemble force control, crucial distinctions exist. First, global phenomena like wind or fluid dynamics
are naturally expressed as forces but are difficult or impossible to represent with trajectories. Second, applied
forces fundamentally depend on an object’s mass or material properties - a dependency absent when specifying
motion or location (e.g., identical forces induce greater displacement in lighter objects). Third, specifying an

https://force-prompting.github.io/
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object’s location across a few frames is not equivalent to an applied force; the same observed motion could
result from numerous alternative causes, such as camera movement or internal object changes. We compare to
Motion Prompting and demonstrate significantly better adherence to the conditioning force.

Interactive world models: Paralleling the interest in video generation models, interactive world models [44]
have gained significant attention. Despite extensive research in this area, investigations have predominantly
concentrated on video game environments [120, 18, 17]. While a few contemporary studies have begun
exploring real-world applications (e.g., [9, 1]), none explores interactions besides camera control or text. In
contrast, our work focuses on interaction through physical forces.

Physical simulators and hybrid approaches: Early work [25, 26] on generating video based on intuitive
forces extracts modal bases of vibrating objects in 2D image space; these works, as well as their modern
adaptations [71], represented motion as a series of vibrations with different frequencies and intensities, which
works well for vibration-like motions but struggles to represent many types of motion, such as linear motion.
This led to an alternative research direction explicitly incorporating physics solvers [20, 144, 65, 131, 140,
53, 75, 74, 3]. However, almost all of these techniques require the 3D geometry of the scenes. Recent work
has focused on combining both physics simulators and generative models, trying to get the best of both
worlds: accurate dynamics from the simulator and better appearance from generative models. For example,
PhysGen [76] uses a rigid-body physics solver to model object collisions and then renders these scenes through
a video generator, and PhysMotion [113] uses a combination of a 3D physics solver and a video generation
model. However, due to their usage of physics simulators, they are limited in the types of dynamics they can
model. In contrast, we explore using the video generation as a simulator and do not use a physics simulator
at inference time. We mention some concurrent works as well: [68] also explores the use of simulated
videos to finetune generative models, but their focus is on modeling object freefall as opposed to learning
physics-based control; [72] explores action-conditioned video generation, but their model requires the use
of a physics simulator at inference time; and [122] explores force-conditioned video generation, but their
framework requires learning a 3D point cloud trajectory model from synthetic data, and then passing that 4D
temporal volume into a point cloud-conditioned video generation model.

3.2 Method: Force Prompting

The goal of Force Prompting is to enable users to interact with images through physical forces. To this end, we
explore two distinct force prompts paradigms: a global model that allows users to animate an entire scene
with directional wind forces, and a local model that enables precise interaction through localized point forces
applied to specific objects within the image. Our video generation method takes as input a triple (↼,φ,ϖ),
where ↼ is the text prompt, φ ↑ Rc⇔h⇔w is the initial frame with height h width w and c channels, and ϖ is the
physics control signal which represents the force being applied: for the wind force model, this is simply a force
vector (magnitude, angle) ↑ R2, and for the point force model, this is a force vector (magnitude, angle) ↑ R2

along with pixel coordinates (x, y) ↑ R2 specifying where to apply the force. The goal is to generate a video
v ↑ Rf⇔c⇔h⇔w. While we train the global force and local force models with different synthetic datasets and
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Figure 3.2: Visualizing the point force control signal. The magnitude of applied force is proportional to the
gaussian blob’s velocity in the control signal, producing proportionally stronger impulses. Stronger forces
(bottom) generate faster-moving blobs and correspondingly larger physical responses than gentler forces (top).
Note, red line added at the same location in each image for visualization. In our method, we enable the force
prompt to dictate the object’s trajectory, deliberately excluding such specifics from the text prompt.

encode the force inputs differently for each, both models share identical architectures and training procedures.

3.2.1 Synthetic training data

To construct our global wind force dataset, we use a physics simulator to generate videos of flags waving in the
wind. And we construct our local point force dataset in two parts: for the first part, we use a physics simulator
to generate videos of a ball rolling across the ground; and for the second part, we use a model [140] which
integrates 3D Gaussians and a physics simulator to generate videos of a plant being poked. We provide more
detail below.

Global force dataset: We use Blender to construct a dataset of flags waving in response to varying
wind conditions. In order to generate a diverse dataset, we randomize multiple parameters for each video:
flag quantity (Unif{1, . . . , 64}), flag color (from a set of 100), flag positions, camera placement, HDRIs
(High Dynamic Range Images), which are 360-degree panoramic images used for lighting and background
purposes (selected from 50 options on Polyhaven), wind direction in [0, 360), and wind speed in [0, 1], where
0 corresponds to no wind, and 1 corresponds to very strong wind. Each video captures the flags’ transitions
from stationary to wind-affected state. Our training dataset has 15k videos.

Local force dataset: The first scenario in our dataset comprises 12k videos of balls, with one of them
rolling in response to being pushed by an unseen point-wise force (the force actor is not rendered), and the
other balls remaining stationary. We generate these videos using Blender with randomized parameters: ball
quantity (Unif{2, 3, 4}), ball textures (soccer balls using a Polyhaven mesh [p = 2/3] , or bowling balls
modeled as smooth spheres [p = 1/3]), ball colors (from a set of 108), ball positions, camera position, ground
textures (from 42 Polyhaven options), target ball selection, force angle in [0, 360), and force magnitude in [0,1].
We assign the bowling ball to be four times the mass of the soccer ball with the goal of teaching the model
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mass-based dynamics. The second scenario (11k videos) utilizes PhysDreamer [140], a generative-simulator
hybrid, and features videos of a carnation swaying back and forth in response to being poked by an unseen
force. We generate these videos with randomized camera position, contact points, force angles, and magnitudes.
We use a mixed dataset with the goal of teaching the model that a point force can result in both simple linear
motion, and complex oscillatory dynamics, depending on what type of object the force is applied to. In both
scenarios, the force magnitude 0 corresponds to a very gentle poke, and the force magnitude 1 corresponds to
a much stronger poke.

For both datasets, we project forces from 3D space onto the 2D pixel plane using the camera’s parameters.
This transformation maps force vectors and object positions from the physical world coordinate system to
screen coordinates, allowing us to model forces within the image frame. We generate detailed text prompts
using the GPT-4o API, creating a unique descriptions for each HRDI background and ground texture, plus a
single shared prompt for all PhysDreamer carnation videos.

3.2.2 Local and Global Force Prompts

As the wind force is applied globally, and the point force is applied locally, we propose two different force
encoding strategies.

Encoding strategy, global force: The wind force control signal is parameterized by a force F ↑ [0, 1]

and an angle ϱ ↑ [0, 360). The goal is to develop a tensor representation for the physics prompt ϖ, which we
denote by ϖ̃ ↑ Rf⇔c⇔h⇔w. Here, f = 49 is the number of frames, c = 3 is the number of color channels, and
h = 480 and w = 720 are the height and width of the generated video. We define the first channel of ϖ̃ to be
↓1 + 2 · F ↑ [↓1, 1], the second channel to be cos ϱ, and the third angle to be sin ϱ. This defines a smooth
map [0, 1]↔ [0, 360) ∝ Rf⇔c⇔h⇔w which encodes the angle and magnitude of the wind force field.

Encoding strategy, local force: The point force control signal ϖ specifies a localized force, so it
is parameterized by the pixel coordinates (x, y) ↑ {0, . . . , w ↓ 1} ↔ {0, . . . , h ↓ 1} in addition to the
force magnitude F ↑ [0, 1] and angle ϱ ↑ [0, 360). At a high level, we define the tensor representation
ϖ̃ ↑ Rf⇔c⇔h⇔w for the control signal ϖ to be a sequence of frames where a Gaussian blob starts at the
pixel location (x, y), and then moves in the direction ϱ at a constant velocity, for a total distance affinely
proportional to the force F . Full mathematical details in Appendix A.12.3. This defines a continuous map
{0, . . . , w↓ 1}↔ {0, . . . , h↓ 1}]↔ [0, 1]↔ [0, 360) ∝ Rf⇔c⇔h⇔w which encodes the coordinates where the
force is applied, as well as the point force magnitude and angle, into a tensor representation ϖ̃. We present
a visual example of this in Figure 3.2. In the case of the local force, we note that the displacement of the
Gaussian blob is nonzero when the force is F = 0, as our training dataset convention is that F = 0 indicates a
small force.

We note that force values across the ball rolling and plant poking training videos are not calibrated to any
absolute physical scale. Instead, they follow intuitive relative physics where smaller force values (approaching
F = 0) correspond to gentle pokes resulting in minimal initial displacement, while larger force values produce
stronger pokes with correspondingly greater initial displacement. We also wish to highlight that our force
prompting models are fundamentally different from video generative models with trajectory-based control
such as [141, 35]. This is because the gaussian blob which serves as the force indicator for the point force
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Control Over Location, Magnitude, and Direction of Force 

Local Force Prompt Generalizes to Diverse Physical Applications

a) Linear motion

b) Oscillatory motion

c) Complex motion

d) Multiple forces

Figure 3.3: Qualitative results for the Local Force (Poke) model. Top section: For local forces, the control
signal can specify both the location, magnitude, and direction of the force. Bottom section: despite the limited
training data, the model generalizes to different types of motion. We add blue lines to visualize a time-lapse of
some objects’ movements.

model is generally far away from the pixels that it affects, as demonstrated in the complex oscillatory motion
of the swaying flower in Figure 3.2. Similarly, the wind force control signal under-specifies which points must
move to which locations, as that control signal is global and causal.

3.2.3 Architecture and Training

We build the force prompting models on top of CogVideoX-5B-I2V [135], a video generative model which
accepts text and initial frame as conditional inputs. This model generates 49-frame videos at 8-fps. In order
to integrate force prompt conditioning, we add a ControlNet [139] which inputs a physics control prompt
ϖ, processing it through downscaling, encoding, and temporal compression before combining with hidden
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Point Force Model Linear Motion Oscillatory Motion Complex Motion
Force Real. Visual Force Real. Visual Force Real. Visual
Adh. Physics Qual. Adh. Physics Qual. Adh. Physics Qual.

Text-only, zero-shot 72% 50% 48% 67% 48% 52% 73% 48% 49%
Text-only, fine-tuned 79% 53% 52% 62% 52% 58% 74% 55% 54%
Motion Prompting 91% 93% 100% 89% 76% 99% 86% 76% 98%

Global Force Model Tethered Motion Aerodynamic Motion Fluid Dynamics
Force Real. Visual Force Real. Visual Force Real. Visual
Adh. Physics Qual. Adh. Physics Qual. Adh. Physics Qual.

Text-only, zero-shot 91% 50% 54% 97% 48% 47% 84% 53% 47%
Text-only, fine-tuned 62% 48% 47% 57% 70% 50% 71% 58% 49%
Motion Prompting 93% 82% 100% 90% 75% 100% 90% 80% 95%

Table 3.1: Comparison to baselines. Top: Local point force model. Bottom: Global wind force model. We
present % win rates of our method against baselines in 2AFC human study results (i.e. values above 50%
indicate a preference for Force Prompting) for force adherence, realistic physics, and visual quality. We find
that none of the other methods provide consistent adherence to the input force.

states via a zero convolution. The ControlNet clones the first six transformer layers and fine-tunes them while
keeping the base model’s transformer layers frozen. We base our implementation on [62] with modifications
to adhere more closely to the original ControlNet design. We train the models on a four 80 GB A100 GPU
cluster for 5000 training steps, which takes approximately one day. Training uses an instantaneous batch size
per device of 1, with two gradient accumulation steps, for an effective batch size of 8. Full hyperparameter
details are listed in Appendix A.12.1.

3.3 Quantitative and Qualitative Results

We propose a benchmark dataset for both force prompting models using images that we curate from Pexels.
We conduct a 2AFC human study (N = 10) using Prolific comparing our force prompting model against three
baselines on these benchmark datasets.

Baseline models: The first baseline is text-only, zero-shot, which uses the original CogVideoX model
and describes the intended force with a string and appending it to the end of the original text prompt. Two
example prompt string suffixes are “the apple is moved very forcefully, upwards and to the left”, and “the
wind is medium strength, blowing right”. The second baseline is text-only, fine-tuned, which has the same
ControlNet architecture as our force prompting model, but with zero-tensor control signals, as well as force
suffixes added to the end of the text prompts during training. Our third baseline is Motion Prompting [35],
built on Lumiere [10] (run by the authors). It is the only track-conditioned model that accepts temporally
sparse tracks as conditioning signal. We simulate force prompt’s impulse by tracing push paths from target
objects for the first 3 frames. While the model is meant to accept temporally sparse trajectories, 3 frames of
trajectory is out of domain for the intended use case of Motion Prompting.

Human study for local force benchmark: We create a benchmark by curating 63 images from Pexels

https://www.pexels.com/
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demonstrating three categories of physical interactions: 1) linear movement patterns (toy car, toy train on
straight track, hot air balloon); 2) oscillatory movement patterns (windmill, pendulums, ornament, and swing);
and 3) complex movement patterns (toy train on circular track, various plants including ivy, apple tree, and
flowers). Table 3.1 presents human evaluation results for point forces, showing that despite training only on
ball rolling (linear) and plant poking (complex) scenarios, our force prompting model demonstrates strong
generalization across all motion categories. We note that this model successfully handles multiple forces
“zero-shot” during inference, despite only being trained to handle a single force, as seen in Figure 3.3 and
detailed in Appendix A.13.1.

Human study for global force benchmark: We create a benchmark by curating 41 images from Pexels
which demonstrate three different types of physical properties. The first is tethered motion (hair, cloth, clothing
on person, paper lantern attached to hook). The second is aerodynamic motion (bubbles, falling leaves,
inflatable tube in pool, floating litter, confetti). And the third is fluid dynamics (fog, smoke, snow, steam). In
Table 3.1 we present human evaluation results for the global wind force model. Note that the base CogVideoX
model is good at generating videos for all three motion categories (tethered, aerodynamic, fluid dynamic).
However, our training data only has tethered motion (flags waving on a flagpole). We observe that the global
wind control model trained only on labeled videos with tethered motion results in a model with generalized
control over aerodynamic motion and fluid motion as well. We visualize some of these generalization patterns
in Figure 3.4.

Human study comparing to PhysDreamer: The point force model, trained on data from a single
carnation, demonstrates remarkable generalization to other plants, as we illustrate in Figures 3.1 and 3.3.
To evaluate this generalization quantitatively, we compare our approach against PhysDreamer [140], which
employs 3D assets and an integrated physics simulator. Using their benchmark dataset of six plant species,
our results in Table 3.2 show that the point force model successfully generalizes to various roses, tulips, and
alocasia without specific training on these plants. While we do not claim to replace physics-based simulation
approaches, our purely neural method offers exceptional generalizability and produces responses that align
with “intuitive physics,” effectively conveying plausible physical interactions to human evaluators. We also
also conduct an extended qualitative comparison with 8 other physics simulation models; see Appendix A.14.2
for more details.

3.4 Ablation Studies

3.4.1 Ablation Study #1: Composition of Synthetic Dataset

How do synthetic dataset design choices affect model generalization? In this section we analyze the impact of
dataset diversity on force modeling tasks. Sample results are illustrated in Figure 3.5, more in depth results are
in Figure A31 (Appendix), and additional videos are on the project webpage.

Point force training dataset ablation: For the localized point force task, we conduct an ablation study by
removing “distractor balls” from scenes, leaving only a single ball affected by the point force. Our results
show that the presence distractor balls significantly improves force localization. Without them, the model
exhibits undesirable behaviors: when poking one hot air balloon, all balloons move slightly; when poking a
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Control Over Direction of Force 

Global Force Prompt Generalizes to Diverse Settings and Affordances

a) Tethered motion

b) Aerodynamics motion

c) Fluid Dynamics

Figure 3.4: Qualitative results for the Global Force (Wind) model. Top: from the same starting image,
different directions for the force result in different videos. Bottom: while the model was only trained on flags,
it can generalize to many different settings producing different types of motion.

rose in a glass vase, both the rose and vase move together, failing to isolate the force application. Visuals are
in Figure A31 as well as the project webpage.

Global force training dataset ablation: For the global wind force task, we evaluate two diversity factors:
flag quantity and background variety. We find that training with a single background leads to models that follow
force physics but frequently fail to differentiate between foreground and background, reducing visual quality.
Similarly, when restricting scenes to contain only one flag instead of a variable number (Unif{1, . . . , 64}), the
model successfully models cloth mechanics but fails to generalize to other materials. In these cases, smoke
from campfires remains unaffected by wind, and confetti either doesn’t respond or stays unnaturally suspended.
We also observe that bubbles don’t respond to wind, while human limbs incorrectly billow like cloth. These
failures indicate that insufficient scene diversity causes the model to overfit to stationary backgrounds and
limited material interactions. These findings are illustrated in Figure A31 as well as the project webpage.
Additionally, we trained a unified model to learn both point force prompts and wind force prompts. We found
that this results in more dynamic backgrounds, but has slightly less robust point force control. Additional
details are in Appendix A.14.3.
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Ablation Studies: Importance of Strategic Diversity in Synthetic Training Data

Figure 3.5: Results from our ablation studies on synthetic dataset design choices. Left: when the global
wind force model is trained on a dataset with only one flag, it overfits, causing the woman’s arm to wave
unnaturally like fabric. Middle: when trained with a single background, the global force model has significantly
degraded overall visual quality. Right: when trained without distractor objects, the point force model cannot
properly localize motion, applying forces indiscriminately rather than to the intended target.

Alocacia Carnation Rose (Orange) Rose (Red) Rose (White) Tulip Mean
Motion Realism 40% 50% 50% 60% 40% 50% 48.33%
Visual Quality 20% 40% 50% 40% 20% 50% 36.67%
Force Adherence 60% 70% 50% 50% 50% 70% 58.33%

Table 3.2: Comparison to PhysDreamer. Values represent the percentage of evaluators preferring the Force
Prompting model over PhysDreamer, an approach that uses physics simulation during generation. Values
above 50% indicate preference for our force prompting model. The results show that Force Prompting
outperforms PhysDreamer on force adherence and achieves comparable performance on motion realism, while
PhysDreamer maintains an advantage in visual quality.

3.4.2 Ablation Study #2: Text Prompt Specificity

How does specificity of the text prompt affect model outputs? In this ablation study, we investigate how
material descriptions in text prompts affect model generalization through a 2↔ 2 grid search ablation study.
We train and test our wind model with and without wind-related keywords (wind/breeze/blow). Our results in
Figure A32 and the project webpage show that omitting these keywords during training significantly increases
failure cases in our benchmark dataset—fog remains static, lanterns collapse unexpectedly, and steam appears
without cause. In contrast, models trained with wind-specific terminology demonstrate superior generalization
to diverse wind scenarios. Interestingly, the presence of these keywords during inference has less impact than
during training, though using wind terminology generally produces more robust results.

3.5 Mass Understanding

This section examines the model’s capacity for mass understanding, which we define to be the ability to
recognize that objects with different apparent masses should respond distinctively to the same applied force.
A model with robust mass understanding would demonstrate physically intuitive behaviors: a book sliding
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Figure 3.6: Mass understanding: We find that the model has some degree of understanding of mass, in that
the same force applied to two objects with different masses will result in different amounts of motion. We
demonstrate this qualitatively in (a) and (b) and quantitatively in (c), showing that this result is consistent
across a range of force magnitudes. See additional examples in the project webpage.

further than a stack of books when pushed with equal force, or a wooden ornament swinging more freely
than its identical metal counterpart under the same impulse. We focus our quantitative analysis on the ball-
rolling scenario, as it allows for objective measurement using automatic object detection. Then, we focus our
qualitative analysis on other scenarios which present greater challenges for obtaining reliable metrics at scale,
such as the swinging ornament.
Force-Mass Relationship Quantitative Study: To quantitatively assess the model’s mass understanding,
we design an experiment to measure whether soccer balls roll farther than bowling balls when subjected
to identical forces. We generate initial condition images across four ground surfaces (dirt, grass, stone,
and wood), with three color variations each for both bowling balls and soccer balls. Additional experiment
details are in Appendix A.12.2. Results presented in Figure 3.6 confirm two key physical principles: the
distance traveled increases linearly with applied force for both ball types, and soccer balls consistently travel
farther than bowling balls across all force magnitudes, demonstrating the model’s intuitive understanding of
mass-dependent physics in this scenario.
Force-Mass Relationship Qualitative Study: We evaluate mass understanding across four benchmark tasks
featuring geometrically identical objects with different implied masses. Our test scenarios includes ornaments
(wooden versus cast iron), laundry baskets (empty versus filled with clothes), book stacks (one, two, or
three books), and cube stacks (single versus double cube). To ensure experimental control, we utilize the
GPT-Image-1 API to generate initial frames with variations where only the implied mass differs between
conditions. Figure 3.6 presents some of these results, with demonstrating that lighter objects consistently
travel farther when subjected to identical forces. This pattern remains robust across four random seeds. This
behavior suggests an emergent understanding of mass-dependent physics in our force-prompted model. Other
results are in the project webpage. Additionally, we find that the mass understanding behavior persists in the
zero-shot multiple objects setting. We include these experimental details in Appendix A.13.2.
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3.6 Conclusion

We introduce Force Prompting, enabling users to interact with generative video models through physically
meaningful controls including localized point forces and global wind effects. Our approach demonstrates that
video generation models can successfully learn to respond to force-based conditioning from limited synthetic
training data, generalizing remarkably well to diverse objects, materials, and scenarios without requiring
physics simulators at inference time. These results suggest a promising direction for developing intuitive
world models that respond to natural physical interactions, with potential applications in both creative content
generation and embodied AI planning.



Chapter 4

Goal Force: Teaching Video Models To
Accomplish Physics-Conditioned Goals

Figure 4.1: Given a force-conditioned task, goal force enables video models to generate the antecedent action
to accomplish the task.

The past two years have witnessed a paradigm shift in video generation, evolving from coarse, rudimentary
clips to near-photorealistic sequences [16, 10, 1]. This progress has sparked considerable interest in leveraging
these models as “world models” for robotics and planning. One of the most exciting possibilities for using
“world models” in planning involves generating a video that transitions from a current state (an initial frame)
towards a specified goal state [43, 63]. Consider a soccer player at the start of a game: the initial frame
shows the ball at midfield, and the objective is to score. Existing approaches predominantly rely on text or
static images to define these goals. However, for complex physical tasks involving multi-step dynamics, these
modalities often prove insufficient. Text is frequently too abstract; a soccer player’s intent is rarely just to

45
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Video Generation Model Generalizes Goal Force Conditioning

Goal Force Prompting

Goal: hit this 
specific ball in this 
specific direction

Video with antecedent action (white ball strikes orange ball) 
that ensures goal force happens (orange ball forced to the left)

Generalizes to Collisions in Diverse Geometries

Probabilistic Task Completion

Generalizes to Human-Object Interaction 

Generalizes to Tool-Object Interaction

Generalizes to (non-Human)-Object Interaction 

Visual Planning with Physical Constraints

Generate video 
using Goal Force

x1 ~ p(x)

x2 ~ p(x)

Situation: 
[initial frame]

Figure 4.2: Goal Force: A user provides an input image and a goal force, and the model generates a video
containing a force that locally causes the goal force. Our model generalizes to diverse objects and interactions
and enables visual planning, respecting the physical properties of the objects and their environments.

“shoot at the goal,” but rather to strike the ball with specific force and precision. Conversely, specifying a goal
via a target image is often overly burdensome or infeasible, potentially requiring a user to render the exact
lighting of a ball entering the net.

In contrast, humans approach tasks differently than through abstract text or pixel-perfect images alone.
We often decompose long, abstract tasks into concrete sub-goals that, particularly in sports, possess distinct
physical properties like spatial location, dynamics, and motion. When taking a penalty kick, a soccer player
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does not focus merely on the static end state of the ball in the net, nor do they simply rely on the abstract
concept of scoring. Instead, they aim to impart a specific trajectory and velocity—a “goal force”—onto the
ball. This chapter proposes a method that aligns with this intuition: defining goals through desired forces
and intermediate dynamics. By specifying these goal forces, rather than limiting users to static endpoints
or requiring direct, low-level scene manipulation, we offer a mechanism that is both precise enough for
physics-based planning and intuitive for human users.

To accomplish this, we introduce a framework that conditions video generation on explicit goal force
vectors. We curate a dataset of paired videos and “goal forces,” adapting a state-of-the-art open-source video
model to accept these forces as a control signal. Our training strategy relies on the hypothesis that learning
fundamental physical interactions can bootstrap complex reasoning. We train the model on simple, synthetic
examples of causal primitives, such as elastic collisions and falling dominos. Crucially, we find that this
grounded training enables non-trivial generalization to highly diverse scenarios (Figure 4.2).

Our empirical results demonstrate that the model learns to propagate forces through time and space,
handling chains of events where one object exerts force on another, which in turn influences a third. Remarkably,
this capability extends to zero-shot tool usage; for instance, the model can infer how to use a golf club to impart
the desired force onto a ball, and to pick up a rose via its stem as opposed to its petals (Figure 4.1), despite
only being trained on simpler collision data. This suggests the model is not merely memorizing patterns but
acting as an implicit neural physics simulator.

Our main contributions are as follows:

1. We propose Goal Force, a new task and model which teaches video models to plan a causal chain of
physical interactions to achieve a specified goal force. This moves beyond prior direct-force methods
and changes how goals can be specified in world models.

2. We propose a training paradigm with a novel multi-channel control signal (for goal forces, direct forces,
and mass) that teaches the model to act as an implicit neural physics simulator, requiring no simulator at
inference.

3. We demonstrate powerful out-of-domain generalization: despite training only on simple synthetic data
(e.g., balls, dominos), our model leverages the base video model’s rich prior to generate complex,
physically-plausible scenarios involving tool use, human-object interaction, and intricate multi-object
collisions.

We release training and evaluation code, model weights, synthetic training data, and benchmark datasets at
our project page, https://goal-force.github.io/.

4.1 Related Works

Our approach builds upon recent advancements in video generation and physics-based modeling, which
were broadly reviewed in Chapter 3. For some background on video generative models [106, 16, 121, 134],
interactive world models [44, 120, 1, 60, 67], the integration of physics simulators and hybrid approaches

https://goal-force.github.io/
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Direct Force: user specifies the action (poke block), and the block reacts directly 

Goal force: user specifies the goal (poke block), then the model 
generates an action to accomplish the goal (pendulum strikes block)

Figure 4.3: Force prompt and goal force prompt result in different behaviors. With a direct force applied
to the red block (top), the effect is directly materialized (i.e. the block falls over). The force in this case is
encoded in the red channel of the control signal as a moving Gaussian blob. In contrast, with a goal force
applied to the red block (bottom), the model must find the antecedent motion to achieve the goal force (i.e.
the pendulum swings to knock over the block). The force in this case is encoded in the green channel of the
control signal as a moving Gaussian blob. We visualize the control signal overlaid on top of the video via
alpha blending.

[140, 76, 72, 122], and general controllable video generation techniques [45, 141, 35], we refer the reader to
Section 3.1.

Chapter 3 introduced Force Prompting [37], which allows for direct physical control via user-specified
force vectors. Our Goal Force framework moves beyond this by enabling the model to reason about and
plan a causal chain of forces—for example, generating the antecedent action of hitting ball A in order to
achieve a desired goal force on ball B. Here, we focus on the specific area of related work most relevant to this
goal-directed, causal planning.

Planning with videos: Video models have been applied to solve decision-making problems in robotic
applications [85, 73]. A video generative model can serve as reward functions [32, 52], dynamics models [133,
120], and pixel-based planners [64, 4, 145]. For example, UniPi [30] and Adapt2Act [81] employ text-
conditioned video generative models to predict visual plans that depict future outcomes, which are then
converted into robotic actions with inverse dynamics models. With our introduced framework, such visual
planners can take goal forces, in addition to text, to specify the desired goals.

4.2 Method: Prompting with Goal Force

Our method reframes force-conditioned video generation from specifying a direct force (e.g., [37, 140, 76])
to declaring a desired goal force. Given a starting frame φ and a text prompt ↼ , the user specifies a “goal
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Prior methods are “what if” machines, 
directly accomplishing the force-conditioned 
task (arrow) without any implicit planning.

GFP: generates the cause (robot drags block) Tora: generates the effect (block slides)

GFP: generates the cause (hand lifts ornament) Force Prompting: generates the effect (ornament swings)

GFP: generates the cause (ruler pokes rose) PhysDreamer: generates the effect (rose sways)

GFP: generates the cause (domino chain) PhysGen: generates the effect (domino falls)

Goal Force is a “how-to” machine, generating 
the antecedent action in order to accomplish 

the force-conditioned task (arrow).

Figure 4.4: In prior methods (right), the user provides a force, and the model directly applies the force to the
target object. In our method (left), the user provides a goal force, and the model generates the causes that
achieve the desired effect on the target object. The top three methods (PhysGen [76], PhysDreamer [140], and
Force Prompting [37]) all accept forces as conditioning; the fourth method, Tora [141], accepts trajectories
rather than forces, so we condition on an acceptable trajectory.

force” on a target object (make ball B move right). The model’s task is to generate a video v that synthesizes a
physically-plausible antecedent causal chain (ball A striking ball B) to achieve that goal.

We achieve this by training a video generative model to act as an implicit neural physics planner. The core
of our approach is a novel training paradigm built on a multi-channel physics control signal and a curriculum
of synthetic data.



50

4.2.1 Multi-Channel Physics Control Signal

We introduce a 3-channel physics control tensor ϖ̃ ↑ Rf⇔3⇔h⇔w, where f is the number of frames, h and w

are the spatial dimensions, and each of the 3 channels encodes a specific physical property. This tensor ϖ̃ is
the spatial-temporal encoding of the abstract user prompt.
Channel 0: Direct Force. Encodes an immediate, direct force (the “cause”). Following [37], we represent
this as a “moving Gaussian blob” video, where the blob’s trajectory and duration are affinely proportional to
the force vector (location, angle, and magnitude).
Channel 1: Goal Force. Encodes the desired outcome (the “effect”) on a target object. This channel uses the
same moving Gaussian blob representation to specify the desired force (and resulting motion) on the target
object. We visualize the practical difference between a Goal force and a Direct force in Figure 4.3.
Channel 2: Mass. Encodes privileged physical information, such as relative object mass. We represent this as
a static Gaussian blob in this channel, centered on the object, with a radius affinely proportional to its mass.
The mass signal is optional, and offers an interface for users to provide more fine-grained, object-level physical
properties, when they are available. When not provided, Goal Force can instead resort to the physical priors
encoded in video generative models themselves, a behavior referred to as “mass understanding” in [37].
Force and Mass Normalization. We note that force and mass values are not calibrated to an absolute physical
scale. Instead, they follow an intuitive, relative scale normalized within each synthetic dataset (dominos, balls,
plants). Our model learns this relative concept, as the Gaussian blob encoding is also defined proportionally to
the value range of a given domain. This allows the model to generalize the idea of force (e.g., “small poke” vs.
“large poke”) without requiring a unified, absolute scale.

4.2.2 Goal Reaching via Implicit Planning

We train the model on a synthetic dataset of simple causal chains (colliding balls, falling dominos) and complex
dynamics (swaying flowers), generated using Blender and PhysDreamer [140]. This dataset contains three
scenarios:

• Dominos (3k videos): Generated in Blender, these videos show a line of dominos where a direct force
on one initiates a chain reaction, linking the “cause” to a “goal force” on a downstream domino.

• Rolling Balls (6k videos): Blender scenes of multiple balls. A direct force is applied to a “projectile”
ball, which is aimed to either collide with a “target” ball (4.5k videos) or miss it (1.5k videos).

• PhysDreamer Carnation (3k videos): Videos of a flower swaying after being poked, generated with
PhysDreamer [140], a method that integrates 3D Gaussians and a physics simulator. This component
teaches the model complex, non-rigid dynamics from a direct force.

Full data generation details are in Appendix A.17.2.
This synthetic data for the ball collisions and domino collisions provides ground-truth pairs of (direct

force, resulting goal force). Our key training strategy is to randomly mask the causal information. For each
training video, we provide either the direct force (in Ch 0) or the goal force (in Ch 1), zeroing out the other.
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Benchmark Two Object Collision Multi Object Collision Human Object Interaction Tool Object Interaction
Force Real. Visual Force Real. Visual Force Real. Visual Force Real. Visual
Adh. Motion Qual. Adh. Motion Qual. Adh. Motion Qual. Adh. Motion Qual.

Text-only, zero-shot 73.4% 67.2% 66.0% 72.0% 69.0% 66.8% 70.5% 47.5% 48.9% 74.5% 61.6% 58.7%
Text-only, fine-tuned 66.9% 60.3% 60.7% 67.0% 57.5% 61.0% 56.8% 48.4% 50.4% 60.3% 60.3% 55.8%

Table 4.1: Human study comparing Goal Force method to text-only baselines. Numbers indicate the
percentage of human pairwise preferences for Goal Force Prompting over each text-only baseline on each
benchmark dataset. The proposed model consistently yields superior goal force adherence against both
baselines, with minimal degradation of motion realism and visual quality.

(And in scenes without collisions, namely 1/4 of the ball scenes and all the plant scenes, we only provide the
direct force in Ch 0.) This forces the model to learn the physical reasoning:

• Goal ∝ Plan: Given a goal force, the model must infer and generate the antecedent direct-force event.

• Action ∝ Outcome: Given a direct force, the model must simulate the resulting collision and secondary
force.

The mass channel (Ch 2) is also randomly masked during training. This teaches the model to leverage
privileged physics information when available but also to rely on its internal, learned physics prior to estimate
properties (like mass) from appearance when it is not. The text prompt’s role is to set the semantic context
(e.g., “a pool table”) and guide the model toward a plausible distribution of videos. It does not, however,
specify the low-level causal plan, such as which ball should strike another. This ambiguity is intentional: it
forces the model to leverage its internal prior to plan a valid antecedent action, constrained only by the specific
objective of the goal force prompt.

4.2.3 Architecture and Training Details

We build our model on Wan2.2 [121], a Mixture-of-Experts diffusion model. We use a ControlNet [139]
module to condition on our physics signal ϖ̃. We fine-tune this ControlNet only for the high-noise expert, as
this expert is primarily responsible for global structure and low-frequency dynamics [29], which aligns with
our physics-planning task. The ControlNet module clones the first 10 DiT layers from the pretrained Wan2.2,
fine-tuning them and feeding their outputs to the frozen base model via zero-convolutions. We encode the
goal force prompt ϖ using the frozen Wan2.2 encoder and pass the result through a randomly initialized patch
embedding layer before feeding it to the ControlNet DiT layers. We fine-tune the model for 3,000 steps with
an effective batch size of 4 (1 per device on 4 NVIDIA 80GB A100s), which completes in under 48 hours. We
use videos of 81 frames at 16 FPS during training and inference.
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4.3 Experimental Comparisons

4.3.1 Comparison to Text-Only Baselines

To evaluate Goal Force, we first compare to baselines that use text-only conditioning. We create a new
benchmark of 75 challenging scenes curated from permissively licensed web sources {Pexels, Pixabay,
Unsplash} as well as generative models {Nano-banana, GPT-Image-1}. We then conduct a 2AFC human
study (N = 40) on Prolific, comparing our full Goal Force model against those baselines.
Baselines. We compare against two models:

1. Text-only (Zero-shot): Wan2.2 base model, prompted with a text suffix, e.g., “...a golf ball rolls across
the grass, colliding with another ball. The secondary object is moved with very strong force to the left.”.

2. Text-only (Fine-tuned): Our ControlNet architecture finetuned on our synthetic data, but with the physics
control signal zeroed out, relying only on the text suffixes provided during training.

Human Study for Generalization. Our benchmark spans four categories of increasing generalization from
our training data: (1) two-object collisions (cantaloupes, pendulum striking object, pool ball, rubber duck toys
in water, bars of soap, soccer balls, softballs), (2) multi-object collisions (ball colliding with domino, golf balls,
tennis balls) (3) human-object interaction (hand interacting with ornaments, toy car; we also include in this
category a dog interacting with a ball, and a cat knocking over a chess piece), and (4) tool-object interaction
(golf club hitting golf ball, and a fork touching a dome of jello). Participants evaluated videos on three axes:
Goal Force Adherence (Does the video accomplish the specified goal?), Realistic Motion, and Visual Quality.

Table 4.1 compares the performance of Goal Force against the text-only baselines. These results demon-
strate that our model outperforms both baselines on goal force adherence, demonstrating that the text prompt
is not sufficient, confirming that the explicit physics control signal is critical for solving the task. The results
also demonstrate that this goal force adherence is achieved with minimal degradation of visual quality and
motion realism. Despite training only on synthetic balls, dominos, and a single flower, our model general-
izes effectively, enabling complex, out-of-domain interactions like tool use and human-object planning, as
visualized in Figure 4.2.

4.3.2 Comparison to Prior Methods

The Goal Force prompting task is new, and prior force-conditioned methods (e.g., PhysGen [76], PhysDreamer
[140], and Force Prompting [37]) are not designed to solve it. These models can only simulate a direct force
(the effect), not plan the antecedent action required to achieve a goal force (the cause). As shown qualitatively
in Figure 4.4, when given a goal force prompt, those prior methods misinterpret it as a direct, non-causal poke
on the target object. Similarly, motion-conditioned models like ToRA [142] can follow a specified trajectory
but fail to adhere to causality, often moving the target object before an antecedent event (like a hand) arrives.
A qualitative comparison against these prior works is provided in Figure 4.4. Also, while prior methods cannot
perform Goal Force prompting, our model is still capable of performing direct Force Prompting (FP).
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Goal Forces Enable Visual Planning With Respect To Physical Constraints

In order to move the red ball in the direction of the goal force prompt, it must be hit with the white 
ball rather than the orange ball, because the path from the orange ball is blocked by the pool stick.

In order to move the rubber duck in the direction of the goal force prompt, it must be hit 
by the center duck, because the path from the other duck is blocked by a concrete barrier.

Figure 4.5: Given a goal force prompt, the model chooses the physically correct way to execute it. Top:
even though there exist multiple plausible initiators, the model correctly selects the white ball as the initiator
to achieve the desired force on the target. Bottom: With multiple plausible rubber ducks that could initiate the
force, the model selects the initiator that is not blocked by a physical barrier.

4.4 Goal Force Enables Visual Planning

We now evaluate a core claim of our work: that Goal Force enables a form of visual planning. We test this
by analyzing three key properties of the generated plans: their physical accuracy, their diversity, and their
awareness of privileged physics information such as mass.

4.4.1 Visual Plans are Accurate

We first test if the model’s visual planning adheres to physical constraints. We create a benchmark of 22
scenes containing “natural blockers” (Figure 4.5), where each scene features target objects in a contextually
appropriate environment, and distractor objects are physically constrained from initiating the goal force. A
successful plan requires the model to identify and select a valid, unconstrained object to execute the causal
chain.

For each scene, we generate 50 videos. To isolate the planning logic from the base video diffusion
model’s artifacts, we filter out trials exhibiting stochastic visual degradation (e.g., object hallucination) prior to
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Table 4.2: Visual planning accuracy across scenes. Our model achieves a high success rate in selecting a
physically valid force initiator across diverse, complex scenarios. List of all scenes is in Table A8.

Scene # Valid # Success % Accuracy
Pool 49 48 97.96
Paper Balls 50 49 98.00
Kitchen Lemon 50 50 100.00
Coffee Cups 44 41 93.18
Duckie 40 34 85.00
Accessories 50 47 94.00
Curling Stones 49 37 75.51
Rubik's Cube 49 46 93.88

analysis. We define accuracy as the percentage of valid trials where the goal force is initiated by the correct,
unconstrained object, rather than by a distractor or through spontaneous, non-causal motion.
Results. We report accuracy for selected scenes in Table 4.2. Results for all test scenes are included in
Table A8, and Figure A37 presents visualizations of each scene. A random baseline achieves at most 33.3%
accuracy given our distractor design. The model demonstrates strong physical reasoning across most of the
scenes. In the pool example (Figure 4.5, top), a stick blocks the orange ball. Our model correctly selects the
white ball as the initiator in 98% of valid trials. On the rubber duckie benchmark (Figure 4.5, bottom), it
selects the correct initiator. We observe that most failure cases involve the target object moving spontaneously,
rather than the model choosing an incorrect, constrained initiator. We also observe this trend of physically
grounded visual planning generalizes to other natural scenarios, including the ones shown in Figure 4.2.

4.4.2 Visual Plans are Diverse

Beyond accuracy, we test if our model produces a diverse set of valid plans rather than suffering from mode
collapse. We design a multi-modal task: a line of six dominos where the goal is to topple the rightmost (sixth)
domino block. This goal can be achieved by initiating a chain reaction from any of the five preceding dominos.
A deterministic model would repeatedly target the same domino, whereas we hypothesize Goal Force will
sample from the full distribution of valid plans.

To quantify this, we propose a diversity metric ω(p) based on the Jensen-Shannon Divergence (JSD).
Let p̂(x) be the empirical probability mass function (PMF) over the set of the N = 5 targetable dominos,
S = {0, 1, 2, 3, 4}. We define our diversity metric as:

ω(p) = 1↓ JSD(p̂ ⇓ Unif(S)). (4.4.1)

This metric is normalized to provide an interpretable score. A perfectly diverse model sampling uniformly from
all 5 dominos (p̂ = Unif(S)) achieves the maximum score of ω(p) = 1.0. Conversely, a fully deterministic
model exhibiting complete mode collapse (i.e., p̂ is a Dirac delta function on a single domino) yields the
baseline score of ω(p) → 0.39.
Results. We present our findings in Table 4.3. Across 26 random seeds, our model achieves a diversity score
of 0.6577, significantly higher than the deterministic baseline (0.3900) and distinct from distributions with
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Table 4.3: Diversity metric (ω(p)) scores for the 5-domino task. Higher is better (Max: 1.0). Our model
(0.6577) shows significant diversity compared to the deterministic baseline (0.3900).

Distribution (p) Score (ω(p))
Our Model (Goal Force) 0.6577
Reference: Unif{0..4} (Max diversity) 1.0000
Reference: Unif{0..3} 0.8920
Reference: Unif{0..2} 0.7635
Reference: Unif{0..1} 0.6042
Reference: Unif{0} (Deterministic) 0.3900

collapsed support (e.g., Unif{0, 1}). This demonstrates that our model successfully explores a multi-modal
distribution of valid plans rather than collapsing to a single solution.

4.4.3 Visual Plans Leverage Privileged Physics

Next, we test if the model’s visual plans can use privileged mass information provided in the control signal to
help guide their plans. Our experiments focus on ball collision. In this setting, a physically-grounded plan
must account for mass; for example, achieving a specific goal force on a heavier target requires a stronger
impact.

We design a ball collision task with a fixed goal force magnitude, varying the projectile and target masses.
In Figure 4.6, we test our model on two such scenarios. One is in-distribution with a scene and viewpoint
similar to our training data. The other features an out-of-distribution background, viewpoint, lighting, and ball
size. We expect the model to learn two principles: (1) if projectile mass is constant, a heavier target requires a
faster projectile; (2) if target mass is constant, a heavier projectile can move slower.

To quantitatively measure the ball collision, we use Faster R-CNN [99] to detect the positions of the two
balls. Then we determine the collision time and compute the projectile’s moving speed accordingly. We
generate 15 videos for each combination of masses and average the speed over the samples. We observe that in
the in-distribution scenario, the projectile’s speeds satisfy all four desired speed magnitude relationships. In the
out-of-distribution scenario, our results satisfy three of them, while the fourth is very close. This demonstrates
the model’s capability in leveraging privileged physics information for visual planning.

4.5 Conclusion

We introduce Goal Force, a paradigm that shifts generative video control from specifying a direct force (the
cause) to declaring a desired goal force (the effect). We demonstrate that by training on simple, synthetic
causal primitives, a video model can learn to function as an implicit neural physics planner. This enables the
model to reason backward from a user-defined goal and generate a physically plausible, antecedent causal
chain to achieve it. Our key finding is that this planning capability generalizes to complex, out-of-domain
scenarios involving tool use and human-object interactions. This work represents a step toward interactive
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Figure 4.6: Visual plans take advantage of mass information. We test goal force prompting on in-distribution
(left) and out-of-distribution (right) scenarios. In both scenarios, our model can adjust the moving speed of
the projectile accordingly when the object masses are changed to cause the desired force magnitude. The
direction of the “<” sign indicates the desired numerical relationship; green indicates satisfaction, red indicates
violation.

world models that can not only simulate a physical reaction but also reason about and plan the actions required
to achieve a desired physical outcome.
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Appendix

A.1 SCSC: Mathematical Theory: The Proof of Theorem 1.3.3

In this appendix, we provide a full account of the mathematical details of the theorems and their proofs
appearing in the main body of Chapter 1. Our proof technique has the same framework as [13] because
our theoretical analysis generalizes theirs to the case where you have a self-correction function in the self-
consuming loop.

A.1.1 Mathematical Setup and Notation

Definition A.1.1. Define the optimal model parameters to be

ϱϖ ↑ argmax
ε↑↔!

Ex↗pdata [log pε↑(x)], (A.1.1)

chosen so that ⇓ϱϖ⇓ has minimal norm within this set. Let ϱ be any model parameters. Then the correction of
strength ε of distribution pε towards pεω is a new distribution, denoted ϖωpε, defined according to the rule

ϖωpε(x) :=
pε(x) + εpεω(x)

1 + ε
.

This is illustrated in Figure A1. Let ϱt be the parameters of the model trained after t generations. We define
the iterative fine-tuning with correction update mapping to be

ϖωG
≃
ϑ (ϱ) := local argmax

ε↑↔!
H(ϱ, ϱ↘) := local argmax

ε↑↔!
[Ex↗pdata [log pε↑(x)]] + ϑEx↗ϱεpϑ [log pε↑(x)]]

(A.1.2)

ϖωG
n
ϑ (ϱ) := local argmax

ε↑↔!
Ĥ(ϱ, ϱ↘) := local argmax

ε↑↔!
[Ex↗p̂data [log pε↑(x)]] + ϑEx↗⊋ϱεpϑ

[log pε↑(x)]].

(A.1.3)

Notice that in the finite case, we’re optimizing by taking samples from an empirical distribution. In contrast,
in the infinite case, there is zero statistical error, since the parameter update is done with access to an
infinite sampling budget at each generation t. The finite case is the more practical case, when we have some
statistical error (so we only have access to finite sampling at each generation). Since the parameter space
of the generative model class might be limited, there might be a small difference between the distribution
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corresponding to the optimal parameters and the target distribution pdata; we capture this difference via the
Wasserstein-2 distance and denote

ς := dW (pεω , pdata). (A.1.4)

Let

H1(ϱ
↘
) := Ex↗pdata [log pε↑(x)], H2(ϱ, ϱ

↘
) := Ex↗ϱεpϑ [log pε↑(x)]. (A.1.5)

and note that H(ϱ, ϱ↘) = H1(ϱ↘) + ϑH2(ϱ, ϱ↘).

We first establish that the correction map is truly a mapping of probability distributions as well as some of
its elementary properties.

Lemma A.1.2. The correction map has the following properties.

1. ϖωpε is a probability distribution.

2. Strengths 0, 1,↖ correspond to pε, the average of pε and pεω , and pεω , respectively.

3. For any x ↑ Rn, if ε > 1, then

⇓ϖωpε(x)↓ pεω(x)⇓ ∋ ⇓ϖωpε(x)↓ pε(x)⇓,

and if ε < 1, then the inequality is flipped. In other words, ϖωpε is a better estimate of the ideal
distribution pεω than pε is, precisely when the projection strength is more than 1.

Proof. For the first point, ϖωpε is a probability distribution because it is a convex combination of probability
distributions. For example, we can compute that

∫

Rd

ϖωpεdx =
1

1 + ε

∫

Rd

pε(x)dx+
ε

1 + ε

∫

Rd

pεω(x)dx =
1

1 + ε
· 1 +

ε

1 + ε
· 1 = 1.

The second point follows immediately from the definition of ϖωpε. For the third point, we can estimate that

⇓ϖωpε(x)↓ pεω(x)⇓ =


pε(x) + εpεω(x)

1 + ε
↓

pεω(x)(1 + ε)

1 + ε



=
1

1 + ε
· ⇓pε(x)↓ pεω(x)⇓

∋
ε

1 + ε
· ⇓pεω(x)↓ pε(x)⇓

=


pε(x) + εpεω(x)

1 + ε
↓

pε(x)(1 + ε)

1 + ε



= ⇓ϖωpε(x)↓ pε(x)⇓

when ε > 1. The inequality flips when ε < 1.

Intuitively, it is clear that we cannot hope to prove general results about generative models without
assuming something about the mapping ϱ ↙∝ pε. We now state the two assumptions we require in order to
make our theoretical arguments; note that they are precisely the same assumptions made in [13]. The first
assumption is a local Lipschitzness property that we will exploit via the Kantorovich-Rubenstein duality:
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Assumption A.1.3. For ϱ close enough to ϱϖ, the mapping x ↙∝ ′ε′ε log pε(x) is L-Lipschitz.

The second assumption is a local regularity and concavity condition:

Assumption A.1.4. The mapping ϱ ↙∝ Ex↗pdata [log pε(x)] is continuously twice differentiable locally around
ϱϖ and Ex↗pdata [′ε′ε log pε(x)]εω ∞ ↓φId ∈ 0.

We next show the existence and uniqueness of ϖωG
≃
ϑ (↖) locally around ϱϖ.

Proposition A.1.5 (The Local Maximum Likelihood Solution is Unique). The following are true:

A. There exists an open neighborhood U ⇑ Rd containing ϱϖ and a continuous function g : U ∝ Rd such
that g(ϱϖ) = ϱϖ, and

′ε↑H(ϱ, ϱ↘)|ε,g(ε) = 0 (A.1.6)

for every ϱ ↑ U .

B. Given optimal model parameters ϱϖ as in equation A.1.1 that follow Assumptions A.1.3 and A.1.4, we
have that, if ςL < φ, then for all ϑ > 0 and ϱ in a small enough neighborhood U around ϱϖ, there
exists a unique local maximizer ϖωG

≃
ϑ (ϱ) in U .

Proof. We first prove part A. It suffices to apply the Implicit Function Theorem to the map

R2d
∝ Rd

: (ϱ, ϱ↘) ↙∝ ′ε↑H(ϱ, ϱ↘)|ε,ε↑ (A.1.7)

in an open neighborhood of (ϱϖ, ϱϖ). To do this, we need to show the following:

i) The map vanishes at (ϱϖ, ϱϖ), i.e.
′ε↑H(ϱ, ϱ↘)|εω,εω = 0. (A.1.8)

ii) The Jacobian matrix at (ϱϖ, ϱϖ) is invertible, i.e.,

′ε↑′ε↑H(ϱ, ϱ↘)|εω,εω is invertible. (A.1.9)

We first prove i). Recall from the definition equation A.1.2 that ϖωG
≃
ϑ (ϱ) = argmaxε↑↔! H(ϱ, ϱ↘). This

means that for any ϱ, ϖωG
≃
ϑ (ϱ) is the choice of ϱ↘ which maximizes H(ϱ, ϱ↘). In particular, for ϱ = ϱϖ, we have

that ϱ↘ = ϖωG
≃
ϑ (ϱϖ) is the choice which maximizes H(ϱϖ, ϱ↘). But ϖωG

≃
ϑ (ϱϖ) = ϱϖ by Proposition A.1.6.

This implies that its derivative is zero at ϱ↘ = ϱϖ, meaning ′ε↑H(ϱ, ϱ↘)|εω,εω = 0, as needed.
Now we prove ii). In order to show that the matrix equation A.1.9 is invertible, it suffices to show it is

close to another matrix which is invertible. A natural choice is the matrix

M = (1 + ϑ)′ε↑′ε↑Ex↗pdata [log pε↑(x)]|εω . (A.1.10)

First, note that this matrix indeed exists; by Assumption 2 A.1.4, we know the map ϱ↘ ↙∝ Ex↗pdata [log pε↑(x)]

is continuously twice differentiable locally near ϱϖ. We can estimate that the matrices equation A.1.9 and
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equation A.1.10 are indeed close as follows:

⇓′ε↑′ε↑H(ϱ, ϱ↘)|εω,εω ↓ (1 + ϑ)′ε↑′ε↑Ex↗pdata [log pε↑(x)]εω⇓

= ⇓′ε↑′ε↑ [Ex↗pdata log pε↑(x) + ϑEx↗ϱεpϑpε↑(x)]|εω,εω ↓ (1 + ϑ)′ε↑′ε↑Ex↗pdata [log pε↑(x)]εω⇓

= ϑ⇓[′ε↑′ε↑Ex↗ϱεpϑ log pε↑(x)]|εω,εω ↓′ε↑′ε↑Ex↗pdata [log pε↑(x)]εω⇓

= ϑ⇓[′ε↑′ε↑Ex↗pϑω
log pε↑(x)]εω ↓ [′ε↑′ε↑Ex↗pdata log pε↑(x)]εω⇓

= ϑ⇓[Ex↗pϑω
′ε↑′ε↑ log pε↑(x)]εω ↓ [Ex↗pdata′ε↑′ε↑ log pε↑(x)]εω⇓

∋ LϑE(x,x↑)↗pϑω⇔pdata
⇓[′ε↑′ε↑ log pε↑(x)]εω ↓′ε↑′ε↑ log pε↑(x)]εω⇓

∋ ϑςL

where the first equality follows from the definition of H in equation A.1.5; the second equality follows from
some cancellation; the third equality follows the fact that the derivatives are constant with respect to ϱ, and
ϖωpεω = pεω by Lemma A.1.2; we exchange the derivative and the expectation in equation 4 using the
Dominated Convergence Theorem, since Assumption 1 A.1.3 says that x ↙∝ ′ε′ε log pε(x) is L-Lipschitz;
the fifth estimate follows from Kantorovich-Rubinstein Duality; and the final estimate is the definition of
Wasserstein distance equation A.1.4.

Finally, we verify M is indeed invertible. Assumption 2 A.1.4 implies that the largest eigenvalue of M is
at most ↓(1 + ϑ)φ. Therefore, since all eigenvalues of M are nonzero, M is invertible. We can now apply the
implicit function theorem to equation A.1.7, and part A follows immediately.

Next, we prove part B. Let dU = supε↔U dW (pεω , pε). To verify that g(ϱ) is a local maximizer
of equation A.1.7, it suffices to show that ′ε↑′ε↑H(ϱ, g(ϱ)) ∈ 0. By Assumption 2 A.1.4, we know
′ε↑′ε↑H1(ϱϖ) ∈ ↓φId and since ϱ↘ ↙∝ ′ε↑′ε↑H1(ϱ↘) is continuously twice differentiable locally near ϱϖ,
we also have ′ε↑′ε↑H1(g(ϱ)) ∈ ↓φId. Thus, we have

′ε↑′ε↑H(ϱ, g(ϱ)) = ′ε↑′ε↑H1(g(ϱ
↘
)) + ϑ′ε↑′ε↑H2(ϱ, g(ϱ))

= (1 + ϑ)′ε↑′ε↑H1(g(ϱ)) + ϑ(′ε↑′ε↑H2(ϱ, g(ϱ))↓′ε↑′ε↑H1(g(ϱ)))

∞ ↓φ(1 + ϑ)Id + ϑL

(
1

1 + ε
dW (pε, pεω) + ς

)
Id,
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where the last step follows from Kantorovich-Rubsenstein duality:

⇓′ε↑′ε↑H2(ϱ, ϱ
↘
)↓′ε↑′ε↑H1(ϱ

↘
)⇓

∋ ⇓′ε↑′ε↑H2(ϱ, ϱ
↘
)↓′ε↑′ε↑H2(ϱ

ϖ, ϱ↘)⇓+ ⇓′ε↑′ε↑H2(ϱ
ϖ, ϱ↘)↓′ε↑′ε↑H1(ϱ

↘
)⇓

= ⇓

∫

Rd

′ε↑′ε↑ log pε↑(x)
pε(x) + εpεω(x)

1 + ε
dx↓

∫

Rd

′ε↑′ε↑ log pε↑(x)pεω(x) dx⇓

+ ⇓Ex↗pdata [log pε↑(x)]↓ Ex↗pϑω
[log pε↑(x)]⇓

∋
1

1 + ε
⇓

∫

Rd

′ε↑′ε↑ log pε↑(x) (pε(x)↓ pεω(x)) dx⇓+ Lς

=
1

1 + ε
⇓Ex↗pϑ [log pε↑(x)]↓ Ex↗pϑω

[log pε↑(x)]⇓+ Lς

∋
L

1 + ε
dW (pε, pεω) + Lς

∋
L

1 + ε
dU + Lς

Thus, to have ′ε↑′ε↑H(ϱ, g(ϱ)) ∈ 0, it is sufficient that

↓φ(1 + ϑ) + ϑL

(
1

1 + ε
dU + ς

)
< 0,

which is guaranteed for all ϑ > 0 by φ > Lς and dU ∋
φ(1+ω)

ϑ . This concludes the proof.

Further, as we would expect, ϱϖ is a fixed point of ϖωG
≃
ϑ :

Proposition A.1.6 (The optimal parametric generative model is a fixed point). For any given data distribution
pdata, any ϱϖ as defined by equation A.1.1, and for all ϑ > 0, we have ϖωG

≃
ϑ (ϱϖ) = ϱϖ.

Proof. Unpacking definition equation A.1.2 shows that ϖωG
≃
ϑ (ϱϖ) = G

≃
ϑ (ϱϖ), and we know by Proposition 4

from [13] that G≃
ϑ (ϱϖ) = ϱϖ.

A.1.2 Convergence of Iterative Fine-tuning with Correction for Infinite Sampling

We now have the required setup to state and prove a convergence result for iterative fine-tuning assuming
infinite access to underlying probablity distributions. We need the following result, which is a technical lemma
that provides a computation of the Jacobian of ϖωG≃

ϑ at ϱϖ as well as a spectral bound, both essential for the
proof of Theorem A.1.8.

Lemma A.1.7. We define the matrices

A := (′
2
ε↑,ε↑H1(ϱ

↘
))|εω (A.1.11)

B := ′
2
ε,ε↑Ex↗pϑ [log pε↑(x)]


εω,εω (A.1.12)

C := ′
2
ε↑,ε↑Ex↗pϑ [log pε↑(x)]


ε↓,ε↓ (A.1.13)

Recall the definition of ϖωG
≃
ϑ (ϱ) from equation A.1.2. Since ε and ϑ are fixed, denote ϖG(ϱ) = ϖωG

≃
ϑ (ϱ).

Finally, let J (ϖG(ϱ)) := ′εϖωG
≃
ϑ (ϱ)|ε denote the Jacobian of ϖωG

≃
ϑ (ϱ).
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I. There exists an open neighborhood U ∀ ! containing ϱϖ such that for all ϱ ↑ U , we have

J (ϖG(ϱ)) = ↓
(
′

2
ε↑,ε↑H(ϱ,ϖG(ϱ))

)⇒1
· ϑ′2

ε,ε↑H2(ϱ,ϖG(ϱ)). (A.1.14)

II. We have that ′2
ε,ε↑H2(ϱϖ, ϱϖ) =

B
1+ω , and B = ↓C, so the Jacobian of ϖG at ϱϖ is

J (ϖG(ϱϖ)) = (I + ϑA⇒1C)
⇒1

·
ϑ

1 + ε
A⇒1C (A.1.15)

III. The spectral norm of A⇒1C can be bounded as

⇓A⇒1C⇓ ∋ 1 +
Lς

φ
. (A.1.16)

Proof. We first prove I. We apply Proposition A.1.5. Part A of that proposition gives us a function g : U ∝ Rd

such that ′ε↑H(ϱ, ϱ↘)ε,g(ε) = 0. But part B of that proposition says that there exists a unique local maximizer
inside U , and this local maximizer is ϖωG

≃
ϑ . This implies that ′ε↑H(ϱ, ϱ↘)ε,ϱεG↔

ϖ (ε) = 0. Next, we implicitly
differentiate this equation with respect to ϱ. Recall that when you have an equation of the form f(x, y) = 0,
and implicitly differentiate it in the form f(x, g(x)) = 0 with respect to x, you obtain ⇀f

⇀x +
⇀f
⇀y

⇀g
⇀x = 0, and

solving for ⇀g
⇀x yields ⇀g

⇀x = ↓

(
⇀f
⇀y

)⇒1
⇀f
⇀x . We apply this formula with

(x, f, g) = (ϱ, ϱ ↙∝ ′ε↑H(ϱ, ϱ↘)ε,ϱεG↔
ϖ (ε), ϱ ↙∝ ϖωG

≃
ϑ (ϱ))

and obtain equation A.1.14, as desired.
Now we prove II. We can compute that

′
2
ε↑,εH2(ϱ, ϱ

↘
) = ′ε↑′εEx↗ϱεpϑ [log pε↑(x)] (A.1.17)

= ′ε↑′ε

∫

x↔Rd

log pε↑(x)

(
pε(x) + εpεω(x)

1 + ε

)
dx (A.1.18)

=
1

1 + ε
′ε↑′ε

∫

x↔Rd

log pε↑(x)pε(x)dx (A.1.19)

=
1

1 + ε
′

2
ε↑,εEx↗pϑ [log pε↑(x)] (A.1.20)

=
1

1 + ε
B (A.1.21)

where the third equality holds because the integral containing pεω is constant with respect to ϱ. Next, we can
compute that

B =

∫

X
′ε↑ log pε↑(x)′εpε(x)dx


ε↓,ε↓

(A.1.22)

=

∫

X
[′ε log pε(x)][′εpε(x)]dx


ε↓,ε↓

(A.1.23)

=

∫

X
′ε[pε(x)′ε log pε(x)]dx


ε↓,ε↓

↓

∫

X
pε(x)(′ε′ε log pε(x))dx


ε↓,ε↓

(A.1.24)

=

∫

X
′ε


pε(x)

′εpε(x)

pε(x)


dx


ε↓,ε↓

↓′
2
ε↑,ε↑Ex↗pϑ [log pε↑(x)]


ε↓,ε↓

(A.1.25)

= ↓C, (A.1.26)
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where the third equality follows from the product rule for gradients,

′ε[pε(x)′ε log pε(x)] = pε(x)(′ε′ε log pε(x)) + [′εpε(x)][′ε log pε(x)]. (A.1.27)

Finally, we will prove the formula equation A.1.15 by manipulating equation A.1.14. We begin with the
rightmost factor in equation A.1.14. If we apply these equalities that we just obtained, then we get

J (ϖG(ϱϖ)) = ↓
(
′

2
ε↑,ε↑H(ϱϖ, ϱϖ)

)⇒1
· ϑ′2

ε↑,εH2(ϱ
ϖ, ϱϖ)

= ↓(A+ ϑC)
⇒1

·
ϑ

1 + ε
B

= ↓(I + ϑA⇒1C)
⇒1

·
ϑ

1 + ε
A⇒1B

= (I + ϑA⇒1C)
⇒1

·
ϑ

1 + ε
A⇒1C

where the first equality follows from equation A.1.15 along with the fixed point Proposition A.1.6, and we are
using that A is invertible by Assumption 2 A.1.4, which implies all eigenvalues of A are nonzero; in the fourth
step we used that B = ↓C. This proves part II.

Now we prove III. We can bound the operator norm ⇓A⇒1C⇓ as follows:

⇓A⇒1C⇓ = ⇓I +A⇒1
(C ↓A)⇓ ∋ ⇓I⇓+ ⇓A⇒1

⇓ · ⇓C ↓A⇓ ∋ 1 + φ⇒1
⇓C ↓A⇓, (A.1.28)

where the first estimate comes from subadditivity and submultiplicativity, and the second comes from the fact
that, since A is symmetric, ⇓A⇓ = maxϑ↔↽(A) |ϑ|, where ⇁(A) is the spectrum of A. Formally, we know by
Assumption A.1.4 that A has eigenvalues e1 < e2 < · · · < en ∋ ↓φ < 0 and so |en| > φ. Therefore, A⇒1

has eigenvalues 1/en < 1/en⇒1 < · · · < 1/e1 < 0 and thus 1/|en| > 1/|en⇒1| > · · · > 1/|e1|, which gives
us the bound ⇓A⇒1

⇓ = 1/|en| < 1/φ on the matrix norm. Next, we can estimate that

||C ↓A|| = ⇓′
2
ε↑,ε↑Ex↗pϑω

[log pε↑(x)]|εω ↓′
2
ε↑,ε↑Ex↗pdata [log pε↑(x)]|εω⇓

= ⇓Ex↗pϑω
[′

2
ε↑,ε↑ log pεω(x)]↓ Ex↗pdata [′

2
ε↑,ε↑ log pεω(x)]⇓

∋ LdW (pεω , pdata)

= Lς,

where in the second equality we exchange the derivative and the expectation in equation 4 using the Dominated
Convergence Theorem, since Assumption 1 A.1.3 says that x ↙∝ ′ε′ε log pε(x) is L-Lipschitz; and in the
last estimate, we used Kantorovich-Rubenstein duality. This, combined with the estimate equation A.1.28,
yields the bound in equation A.1.16.

We are finally ready to prove our theorem that guarantees convergence to the optimal parameters in
the infinite sampling case under certain assumptions, one being the that the initial model parameters ϱ0 are
sufficiently close to ϱϖ:

Theorem A.1.8 (Convergence of Iterative Fine-tuning, Infinite Sampling Case). Suppose we have an iterative
fine-tuning procedure defined by the rule ϱ≃t+1 = ϖωG

≃
ϑ (ϱ≃t ). Let ϱϖ be the parameter vector for the optimal
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generative model, as in equation A.1.1. We assume that ϱϖ follows Assumptions A.1.3 and A.1.4 from [13].
Suppose also that ϑ

(
1 +

ςL
φ

)
< 1+ω

2+ω . Then, the Jacobian of ϖωG≃
ϑ satisfies the following bound:

⇓′εϖωG
≃
ϑ (ϱϖ)⇓2 ∋

1

1 + ε
·

ϑ(φ+ ςL)

φ↓ ϑ(φ+ ςL)
< 1. (A.1.29)

Consequently, there exists a ω > 0 such if ϱ0 ↑ ! satisfies ⇓ϱ0 ↓ ϱϖ⇓ ∋ ω, then starting training at ϱ0 and
having ϱt+1 = ϖωG

≃
ϑ (ϱt), we have that limt⇐≃ ϱt ∝ ϱϖ. Furthermore, if we define

↽(ϑ) =
ϑ(φ+ ςL)

φ↓ ϑ(φ+ ςL)
, (A.1.30)

then we obtain the asymptotic stability estimate1

⇓ϱt ↓ ϱϖ⇓ ∋

(
↽(ϑ)

1 + ε

)t

⇓ϱ0 ↓ ϱϖ⇓. (A.1.31)

Proof. We first prove the Jacobian bound equation A.1.29. By hypothesis, we know ϑ(1 + Lς
φ ) < 1, so by

Lemma A.1.7(III), we have ϑ||A⇒1C|| < 1. Thus, we can write

(I + ϑA⇒1C)
⇒1

=

≃∑

k=0

(↓ϑA⇒1C)
k

and so

⇓(I + ϑA⇒1C)
⇒1

⇓ ∋

≃∑

k=0

ϑk
||A⇒1C||

k
=

1

1↓ ϑ||A⇒1C||
.

Applying Lemma A.1.7(2), we get

||J (G(ϱϖ))|| ∋ ||(I + ϑA⇒1C)
⇒1

|| ·
ϑ

1 + ε
||A⇒1C|| ∋

ϑ

1 + ε
·

||A⇒1C||

1↓ ϑ||A⇒1C||
.

Now, it is straightforward to see the RHS above is at most the bound in equation A.1.29 if and only if
φ⇓A⇒1C⇓ < φ + ςL. But this bound holds because of Lemma A.1.7(III). This proves the Jacobian bound
equation A.1.29, but does not prove that the bound is less than 1. For this, we must show that

1

1 + ε
·

ϑ(φ+ ςL)

φ↓ ϑ(φ+ ςL)
< 1. (A.1.32)

By clearing denominators and grouping like terms, we can see that this is equivalent to

ϑ

(
1 +

ςL

φ

)
<

1 + ε

2 + ε
, (A.1.33)

which is precisely guaranteed by our hypothesis.
We now apply the the Jacobian bound equation A.1.29 to prove the asymptotic stability estimate

equation A.1.31. Assume ϑ is sufficiently small so that ↽(ϑ)/(1 + ε) < 1. Then for every ↽↘ ↑ (↽(ϑ)/(1 +

ε), 1), there exists ω > 0 sufficiently small so that every ϱ0 ↑ ! which satisfies ⇓ϱ0 ↓ ϱϖ⇓ < ω has the
1[13] could have presented their results in this stronger form, without the big O notation, with very little extra work.
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property that ⇓′εϖωG≃
ϑ (ϱ0)⇓2 < ↽↘. Because the map ϖωG≃

ϑ has Jacobian matrix norm less than 1 in the
ω-ball around ϱϖ, it is a contraction mapping in this neighborhood. Concretely, this means that

⇓ϖωG
≃
ϑ (ϱ)↓ ϖωG

≃
ϑ (ϱ↘)⇓ ∋

↽(ϑ)

1 + ε
⇓ϱ ↓ ϱ↘⇓, (A.1.34)

for every ϱ, ϱ↘ in the ω-ball around ϱϖ. In particular, for (ϱ, ϱ↘) = (ϱt, ϱϖ) we obtain

⇓ϱt+1 ↓ ϱϖ⇓ = ⇓ϖωϱt ↓ ϱϖ⇓ = ⇓ϖωG
≃
ϑ (ϱt)↓ ϖωG

≃
ϑ (ϱϖ)⇓ ∋

↽(ϑ)

1 + ε
· ⇓ϱt ↓ ϱϖ⇓.

By induction, the above estimate implies that if ϱ0 is in a ω-ball around ϱϖ, then so is every successive ϱt.
Therefore the desired estimate equation A.1.31 now follows by induction on t.

Remark A.1.9. Taking ε = 0 recovers exactly the result in [13]. Importantly, the correction function
ϖω provides leverage in determining how large the augmentation percentage ϑ can be: choosing a larger
correction strength ε allows us to choose a larger augmentation percentage ϑ while still retaining theoretical
guarantees for convergence. Additionally, for the same choice of augmentation percentage ϑ, a larger
correction strength ε provides a guarantee for an improved rate of convergence. See Conjecture 1.3.7.

A.1.3 Stability of Iterative Fine-tuning with Correction for Finite Sampling

Finally, we prove a stability result for iterative fine-tuning with correction in the presence of statistical error. To
do this, we require an assumption that essentially provides probabilistic guarantee that the chosen generative
model learns the underlying distribution increasingly better if it has access to more samples:

Assumption A.1.10. There exist a, b, ςOPT ⇔ 0 and a neighborhood U of ϱϖ such that, for any ω ↑ (0, 1), with
probability 1↓ ω over the samplings, we have

(¬ϱ ↑ U)(¬n ↑ N) ⇓ϖωG
n
ϑ (ϱ)↓ ϖωG

≃
ϑ (ϱ)⇓ ∋ ςOPT +

a
△
n

√
log

b

ω
. (A.1.35)

See Appendix A.2 for a discussion about this assumption; we investigated whether to assume a similar
bound to the one they assumed in [13], or prove our bound from theirs. In fact, we prove in Appendix A.2 that
you can in fact deduce something nearly as strong as Assumption A.1.10 from Assumption 3 in their paper, so
we made Assumption A.1.10 for the sake of a cleaner, more parallel exposition.

Theorem A.1.11 (Iterative Fine-Tuning Stability Under Correction). Suppose we have an iterative fine-tuning
procedure defined by the rule ϱnt+1 = ϖωG

n
ϑ (ϱ

n
t ). In words, this means that the augmentation percentage is

ϑ ↑ (0,↖) and the correction strength is ε ↑ [0,↖). Under the same assumptions of Theorem A.1.8 and
Assumption A.1.10, there exist 0 < ↽ < 1 and ω1 > 0 such that if ⇓ϱn0 ↓ ϱϖ⇓ ∋ ω1, then for any ω2 ↑ (0, 1),
with probability 1↓ ω2, we have

⇓ϱnt ↓ ϱϖ⇓ ∋


ςOPT +

a
△
n

√
log

bt

ω


t∑

i=0

(
↽(ϑ)

1 + ε

)i

+

(
↽(ϑ)

1 + ε

)t

⇓ϱn0 ↓ ϱϖ⇓. (A.1.36)
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Proof. By the triangle inequality, we can estimate that

⇓ϱnt ↓ ϱϖ⇓ ∋ ⇓ϱnt ↓ ϖωG
≃
ϑ (ϱnt⇒1))⇓+ ⇓ϖωG

≃
ϑ (ϱnt⇒1)↓ ϱϖ⇓

= ⇓ϖωG
n
ϑ (ϱ

n
t⇒1)↓ ϖωG

≃
ϑ (ϱnt⇒1)⇓+ ⇓ϖωG

≃
ϑ (ϱnt⇒1)↓ ϖωG

≃
ϑ (ϱϖ)⇓, (A.1.37)

where we applied the fixed point Proposition A.1.6. By Assumption A.1.10, the left summand in equa-
tion A.1.37 is at most ςOPT +

a↖
n


log

b
⇁ , with probability 1 ↓ ω. Next, recall that in equation A.1.34 in

the proof of Theorem A.1.8, we proved that that ϖωG≃
ϑ is a contraction mapping of factor ↽(ϑ)/(1 + ε)

sufficiently close to U ; this implies that the right summand in equation A.1.37 is at most ρ(ϑ)
1+ω ⇓ϱ

n
t⇒1 ↓ ϱϖ⇓.

Together, these yield the recurrence estimate

P

⇓ϱnt ↓ ϱϖ⇓ ∋ ςOPT +

a
△
n

√
log

b

ω
+

↽(ϑ)

1 + ε
⇓ϱnt⇒1 ↓ ϱϖ⇓


⇔ 1↓ ω. (A.1.38)

Iterating this recurrence for successive time steps yields

P

⇓ϱnt ↓ ϱϖ⇓ ∋


ςOPT +

a
△
n

√
log

b

ω


t∑

i=0

(
↽(ϑ)

1 + ε

)i

+

(
↽(ϑ)

1 + ε

)t

⇓ϱn0 ↓ ϱϖ⇓


⇔ (1↓ ω)t. (A.1.39)

Note that equation A.1.39 holds for any ω ↑ (0, 1). In particular, we can apply equation A.1.39 with ω := ω/t.
In this case, the Bernoulli inequality lets us estimate that (1↓ ω/t)t ⇔ 1↓ ω. This completes the proof, with
ω2 = ω.

Remark A.1.12. Theorem A.1.11 recovers the result from [13] in the case where the correction strength is
ε = 0. But for a fixed augmentation percentage ϑ, for any correction strength ε > 0, this gives stronger
stability guarantees than in [13].

Remark A.1.13. In a previous version of this manuscript, we claimed that there was an error in the statement
of the corresponding theorem in [13]. In this version, we retract that claim; we have corresponded with those
authors, and they updated their manuscript with additional details to justify their statement.

A.1.4 Discussion: The Main Limitation

Our empirical results are for generative modeling tasks where we have access to some “self-correction”
operation that is easy to compute, as well as automatic; see Sections 1.5 and 1.6 for more details about
these correction functions. Therefore, the main limitation of our work is that one can only hope to use this
self-correction procedure to stabilize training in scenarios where there is some “self-correction” function. For
our MNIST experiments, we built a self-correction function from scratch using clustering statistics. And for
our human motion experiments, we used an off-the-shelf human motion imitation model that other researchers
built.

A.2 SCSC: Discussion about Assumption 1.3.2

In this section, we show how with a mild boundedness assumption on our generative model parameter update
function, we can deduce our Assumption A.1.10 (which is the same as Assumption 1.3.2, part 3) from the



80

following assumption used in [13].

Assumption A.2.1. There exist a, b, ςOPT ⇔ 0 and a neighborhood U of ϱϖ such that, for any ω ↑ (0, 1), with
probability 1↓ ω over the samplings, we have

(¬ϱ ↑ U)(¬n ↑ N) ⇓G
n
ϑ (ϱ)↓ G

≃
ϑ (ϱ)⇓ ∋ ςOPT +

a
△
n

√
log

b

ω
. (A.2.1)

Now, if we make the additional assumption that our generative model parameter update function is locally
bounded near ϱϖ then we obtain the following.

Proposition A.2.2. Suppose Assumption A.2.1 holds. Suppose also that there exists B < ↖ such that for all
n > 0 and ϱ sufficiently close to ϱϖ,

⇓G
n
ϑ (ϱ)↓ G

n
ϑ (ϱ

ϖ
)⇓ < B⇓ϱ ↓ ϱϖ⇓.

Then there exist a, b, c, ςOPT ⇔ 0 and a neighborhood U of ϱϖ such that, for any ω ↑ (0, 1), with probability
1↓ ω over the samplings, we have

(¬ϱ ↑ U)(¬n ↑ N) ⇓ϖωG
n
ϑ (ϱ)↓ ϖωG

≃
ϑ (ϱ)⇓ ∋ c · dU + ςOPT +

a
△
n

√
log

b

ω
, (A.2.2)

where dU = supε↔U ⇓ϱ ↓ ϱϖ⇓.

Proof. By the triangle inequality, we have

⇓ϖωG
n
ϑ (ϱ)↓ ϖωG

≃
ϑ (ϱ)⇓ ∋ ⇓ϖωG

n
ϑ (ϱ)↓ G

n
ϑ (ϱ)⇓+ ⇓G

n
ϑ (ϱ)↓ G

≃
ϑ (ϱ)⇓+ ⇓G

≃
ϑ (ϱ)↓ ϖωG

≃
ϑ (ϱ)⇓. (A.2.3)

We bound each term in the RHS: firstly, note the middle term is bounded by Assumption A.2.1.The first term
is bounded as follows:

⇓G
n
ϑ (ϱ)↓ ϖωG

n
ϑ (ϱ)⇓ ∋ ⇓G

n
ϑ (ϱ)↓ G

n
ϑ (ϱ

ϖ
)⇓+ ⇓ϖωG

n
ϑ (ϱ

ϖ
)↓ ϖωG

n
ϑ (ϱ)⇓

∋ B⇓ϱ ↓ ϱϖ⇓+B⇓ϱ ↓ ϱϖ⇓

∋ 2BdU ,

where in the first step we used that G≃
ϑ (ϱϖ) = ϖωG

≃
ϑ (ϱϖ). Similarly, the last term is bounded as follows:

⇓G
≃
ϑ (ϱ)↓ ϖωG

≃
ϑ (ϱ)⇓ ∋ ⇓G

≃
ϑ (ϱ)↓ G

≃
ϑ (ϱϖ)⇓+ ⇓ϖωG

≃
ϑ (ϱϖ)↓ ϖωG

≃
ϑ (ϱ)⇓

∋ ↽(ϑ)⇓ϱ ↓ ϱϖ⇓+
↽(ϑ)

1 + ε
⇓ϱ ↓ ϱϖ⇓

= ↽(ϑ)
2 + ε

1 + ε
⇓ϱ ↓ ϱϖ⇓

∋ ↽(ϑ)
2 + ε

1 + ε
dU ,

where in the second step we applied equation A.1.34. Using these bounds in equation A.2.3 and taking
c = 2B + ↽(ϑ) 2+ω

1+ω completes the proof.

Note that the constant c ·dU < c (for U sufficiently small) can really be viewed as a part of the optimization
constant ςOPT since it is controlled by the choice of generative model class.
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A.3 SCSC: Point-wise correction corresponds to distribution-wise cor-
rection

In this section we provide a sufficient condition under which you can associate a distribution-wise correction
mapping (like the one we consider in the work, ϖω) to a point-wise correction mapping (which is the one you
are more likely to find in the wild).

Definition A.3.1. Let X = {x1, . . . , xn} ⇑ Rm and define the empirical cumulative distribution function
#X by

#X(v) := #X(v; {x1, . . . , xn}) :=
1

n

n∑

i=1

▷v(xi),

where for v ↑ Rm, ▷v : Rm
∝ {0, 1} is the indicator function for the set

n
i=1(↓↖, vi]. For a continuous

distribution, the cumulative distribution function is defined in the usual way.

Definition A.3.2. Suppose that we have a model pε and an arbitrary function $ : Rm
∝ Rm. Then we say

that $ is a valid point-wise correction function for pε if there exists a ε ↑ [0,↖] such that

lim
n⇐≃

(
EXn↗pn

ϑ
sup
v↔Rm

⇓#”(Xn)(v)↓ #ϱεpϑ (v)⇓

)
∝ 0, (A.3.1)

almost surely, where the expectation is over all samplings Xn
= {x1, . . . , xn} of size n from pε.

Intuition A.3.3. This is saying that the CDFs for ϖωpε and $(X ↘ pnε ) are equal in expectation, for large
enough n. This is one way of saying that ϖωpε and $(X ↘ pnε ), for large enough n, are nearly identical
probability distributions.

Definition A.3.4. If the limit in equation A.3.1 exists, then we define the distribution-wise projection function
corresponding to $ to be

ϖωpε =
1

1 + ε
pε +

ε

1 + ε
pεω , (A.3.2)

and we define the projection strength of the point-wise correction function $ to be ε. Recall that ϖωpε =

1
1+ω pε +

ω
1+ω pεω . So intuitively, equation A.3.1 implies that the projection function $ maps samples from pε

to a different space such that they look like they come from a combination of the original distribution pε and
pεω , at least at the level of CDFs.

Remark A.3.5. Such a ε, if it exists, is unique. Furthermore, if pε = pεω , then ε = ↖.

The limit condition in Definition A.3.2 is abstract, and can be hard to swallow. We present an example
of a simple point-wise correction for the Gaussian toy example that we consider in Section 1.4, whose
corresponding distribution-wise correction is exactly one would expect it to be–the weighted average of the
corresponding Gaussians. Recall that we demonstrated empirically in Figure 1.2 that Theorem 1.3.3 holds for
that example. The projection function is depicted in Figure A1.
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Example A.3.6. Let G1(x) be the pdf of N (0,⇁2
1Id) (initial distribution, corresponds to ϱ) and G2(x) the pdf

of N (0,⇁2
2Id) (target distribution, corresponds to ϱϖ). Given x1, . . . , xn ↘ G1, we define $

ω as follows: Fix
any ε ↑ R↓0, and let y1, . . . , yn ↘ (Ĝ(n)

1 (x) + εG2(x))/(1 + ε), where Ĝ(n)
1 is the PDF of the empirical

distribution defined by {x1, . . . , xn}; in practice we implement Ĝ(n)
1 as a histogram. Then choose a random

⇁ ↑ Sn (Sn = group of permutations on n symbols). Finally, we define $
ω
(xi) := y↽(i) for 1 ∋ i ∋ n.

Next, we define the projection set $X(n)
:= {$

ω
(xi)}1↙i↙n, and define the PDF ϖωĜ

(n)
1 (x) :=

1
1+ω Ĝ

(n)
1 (x) + ω

1+ωG2(x), and let #
ϱεĜ

(n)
1

represent the cumulative distribution function of the Gaussian

ϖωĜ
(n)
1 . Then, since $

ω
(xi) ↘ ϖωĜ

(n)
1 , we have by the uniform law of large numbers that

lim
n⇐≃

(
E{xi↗G1}n

i=1
supv↔Rm

#”X(n)(v)↓ #ϱεG1(v)
) ∝ 0 (A.3.3)

almost surely. Therefore $
ω is a valid point-wise correction function, and its corresponding distribution-wise

projection function is ϖω .

Remark A.3.7. In the example we considered in Section 1.4, we could have included a total distance
traveled minimization condition, but here for this proof we don’t even need to use that hypothesis. (In the
proof, this would have corresponded to the additional assumption that we’ve chosen a ⇁ ↑ Sn such that
∑n

i=1 ⇓xi ↓ y↽(i)⇓ is minimized.) This implies that different point-wise correction functions can correspond
to the same distribution-wise correction function.

Figure A1: Illustration of the distribution-wise projection function, like in our Gaussian toy example. Cor-
recting one Gaussian in the direction of another, like we consider in Section 1.4, corresponds to finding the
“(weighted) average Gaussian” that lives between the two.

A.4 SCSC: More MNIST Experiment Details

We train a Denoising Diffusion Probabilistic Model (DDPM) [49] on the 20% of the MNIST dataset [66]. We
use classifier-free guidance [48] with guidance parameter 0.5, and 400 diffusion steps. We used a batch size of
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Figure A2: For every digit, we perform K-means clustering with K=16. We show here the cluster centroids,
which intuitively are anchor images within the manifold of all possible images.

256. We train generation 0 for 20 epochs, with a linear decay learning rate schedule starting at 1e ↓ 4 and
ending at (1e↓ 4)/20. We train each following generations for a single epoch, with a fixed learning rate of
(1e↓ 4)/202.

To compute our metrics, we first train a LeNet model [66] on MNIST, and then we sample an equal number
of digits from each class using the checkpoint that we’re trying to evaluate. To compute the FID score, we
extract embeddings from the last fully connected LeNet layer for the synthesized examples, as well as for the
held out test examples, and compute FID score as normal, by computing the Wasserstein distance between
the Gaussians. Note that we use embeddings for LeNet trained on MNIST, rather than the Inception network
trained on ImageNet, because MNIST isn’t comprised of natural images. This is consistent with the convention
in [5].

For the self-correction operation, we compute the K-means clusters, with K = 16, once at the start of
training. And we “correct” a synthesized motion by mapping it to the nearest cluster mean corresponding to
its digit. In Figure A2 we present the clusters, and we present graphs of our FID scores across augmentation
percentages in Figure A3.

A.5 SCSC: Additional Human Motion Generation Qualitative Results

In Figures A4, A5, and A6, we present additional qualitative observations and analysis of our synthesized
motions. We present more evidence that iterative fine-tuning with self-correction yields physically plausible
motions comparable to the baseline, whereas iterative fine-tuning without self-correction yields motions that
are incorrect for various reasons. See the captions of the referenced figures for analysis of some characteristic
failure modes of the iterative fine-tuning loop without self-correction.

A technical note: for all figures, we render the motions from the same environment and camera position.
We consolidate each render into the same image without resizing it. This means that if a figure appears larger
relative to the others, the human moved closer to the camera. Some motions will have transparent frames
of past positions; the more transparent the image, the farther back in the past it was in the motion sequence.
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Figure A3: Results from MNIST experiments with iterative fine-tuning with and without self-correction. These
graphs show the FID score on the last checkpoint for every generation; this is the checkpoint used for sampling
in the self-consuming loop experiments, and it is also the checkpoint where training is resumed with this
new partially synthesized dataset. These results demonstrate that iterative fine-tuning with self-correction
generally outperforms iterative fine-tuning.
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Figure A4: Here we see the negative floating phenomenon exacerbated by iterative fine-tuning, whereas
iterative fine-tuning with self-correction generates a motion with floor contact integrity comparable to the
ground truth and baseline. The floatic metric is formally defined in [138] as the distance between the lowest
vertex on the human mesh and the floor plane. All three sequences were generated using the same prompt:
person got down and is crawling across the floor. Each snapshot was taken at exactly frame 87. The green
figure appears larger than the other two only because it is closer to the camera. The two motions on the right
were synthesized after 50 generations training with 25% synthetic augmentation, trained on n = 64 data
points.

Finally, in each figure, the text prompt for all generated motions was the same –the prompt being the one
associated with the ground truth motion in the HumanML3D [42] training data, which we also visualize. Note
that the coloring in the humanoid figures corresponds to the coloring in the graphs.

A.6 SCSC: Additional Human Motion Generation Quantitative Re-
sults

See Figures A7, A8, A9 for results when the dataset size is n ↑ {64, 128, 256} and the synthetic augmentation
percentage is ϑ ↑ {0.25, 0.50, 0.75, 1.00}. And see Figures A10 and A11 for additional results on our
iterative fine-tuning experiments when the dataset size is n = 2794 and the synthetic augmentation percentage
is ϑ ↑ {0.05, 0.10, 0.15, 0.20, 0.25}. The graphs provide evidence across 17 experiment settings that our
iterative fine-tuning procedure with self-correction yields better training performance than iterative fine-tuning
with no self-correction for the motion synthesis task, in accordance with Theorem 1.3.3.



86

Figure A5: All four of the above motions correspond to the prompt: a person raises right hand to face looks
around and puts hand down back to side.. The model which is trained with iterative fine-tuning outputs
spurious motion that slides the figure to the right. And in the video for this example, the human rotates their
forearm unnaturally and forcefully. In contrast, the baseline and iterative fine-tuning with self-correction
models’ motions both accurately embody the prompt. Each generated snapshot is taken at exactly frame 142
while the ground truth’s image is frame 70 in its sequence. The two motions on the right were synthesized
after 42 generations with 10% synthetic augmentation, where the ground truth dataset has size n = 2794.

A.7 SCSC: Consistency Across Seeds: Additional Human Motion Gen-
eration Quantitative Results

In Figures A12, A13, A14, and A15, we present experimental results from runs across three more seeds for
our human motion experiments when the dataset size is n = 64. We find that the self-correction technique
consistently yields improved training dynamics over iterative fine-tuning without correction.

A.8 FH: Proof of Fourier Head Scaling Law, Theorem 2.2.3

In this section we prove Theorem 2.2.3, the Fourier head scaling law. To do this, we must first discuss the
Nyquist-Shannon Sampling Theorem. This result states that in order to avoid distortion of a signal (such as
aliasing) the sampling rate must be at least twice the bandwidth of the signal. In the setting of the Fourier
head, our sampling rate is m/2 because we have m bins uniformly spaced in (↓1, 1), and the bandwidth is
N/2 because the frequency of sin(ϖNx) is N/2. Thus the Nyquist Theorem requires us to have

m/2 ⇔ 2 · (N/2) = N

in order for the higher order frequency content learned by our model to not be fallacious when we are learning
from only m bins. This justifies why we only theoretically study the case 1 7 N < m/2 in the scaling law.

A.8.1 Definitions

Consider an input x ↑ Rn to the Fourier head, and denote by fx : [↓1, 1] ∝ R the optimal conditional
distribution that we would like the Fourier head to approximate for this input. We will assume that fx is
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Figure A6: Here we observe that iterative fine-tuning fails to produce any meaningful motion sequence,
but the iterative fine-tuning with self-correction and baseline models generate results consistent with their
prompt: walks side ways but back and forth. Each snapshot for the generated motions was taken at exactly
frame 120 while the ground truth image is a snapshot from frame 69. These images were synthesized after 50
generation of the model that was trained on n = 64 data points at 25% synthetic augmentation.

periodic, since the Fourier head learns a 2-periodic Fourier density. We denote by fx,N the truncation of
the Fourier series of fx to its first N frequencies. Note that fx,N also integrates to 1 over [↓1, 1] since its
first Fourier coefficient is the same as that of fx. Further, fx,N is non-negative on [↓1, 1] since its Fourier
coefficients, being a subsequence of the coefficients of fx, are non-negative definite; a periodic function with
non-negative definite Fourier coefficients is non-negative by Herglotz’s Theorem [15, Corollary 4.3.2]. For
completeness, we will recall the convolution formulas, specialized to the cases we consider in our argument.

Definition A.8.1 (Discrete convolution). Let bj := ↓1 +
2j+1
m , 0 ∋ j < m be the center points of the m bins

in (↓1, 1), and let us denote ,b := (b0, . . . , bm⇒1). Denote by G↽(z) :=
e→z2/2ϱ2

↖
2ϱ↽

the Gaussian PDF with
standard deviation ⇁. Then the discrete Gaussian convolution filter of radius m↓ 1 is

g↽ :=
G↽([1↓m, 2↓m, 3↓m, . . . ,m↓ 1])

S(m,⇁)
↑ R2m⇒1, (A.8.1)

where the normalization constant is

S(m,⇁) :=
m⇒1∑

k=1⇒m

G↽(k). (A.8.2)

The discrete convolution of g↽ ↑ R2m⇒1 and fx,N (,b) ↑ Rm is the vector (g↽ ▽ fx,N )(,b) ↑ Rm whose j’th
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Figure A7: Results from our human motion experiments with iterative fine-tuning with and without self-
correction, where the training set has size 64. These are graphs for evaluation metrics on the last checkpoint
for every generation; this is the checkpoint used for sampling in the self-consuming loop experiments, and it
is also the checkpoint where training is resumed with this new partially synthesized dataset. These results
demonstrate that iterative fine-tuning with self-correction generally outperforms iterative fine-tuning, and
is sometimes even competitive with baseline performance.



89

Figure A8: Results from our human motion experiments with iterative fine-tuning with and without self-
correction, where the training set has size 128. These are graphs for evaluation metrics on the last checkpoint
for every generation; this is the checkpoint used for sampling in the self-consuming loop experiments, and it
is also the checkpoint where training is resumed with this new partially synthesized dataset. These results
demonstrate that iterative fine-tuning with self-correction generally outperforms iterative fine-tuning,
and is sometimes even competitive with baseline performance. Notably, the performance gain of iterative
fine-tuning with self-correction over iterative fine-tuning is less pronounced than when the dataset size is
n = 64.
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Figure A9: Results from our human motion experiments with iterative fine-tuning with and without self-
correction, where the training set has size 256. These are graphs for evaluation metrics on the last checkpoint
for every generation; this is the checkpoint used for sampling in the self-consuming loop experiments, and it
is also the checkpoint where training is resumed with this new partially synthesized dataset. These results
demonstrate that iterative fine-tuning with self-correction generally outperforms iterative fine-tuning, and
is sometimes even competitive with baseline performance.
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Figure A10: Results from our human motion experiments on iterative fine-tuning with dataset size n = 2794.
These are graphs for evaluation metrics on the last checkpoint for every generation; this is the checkpoint used
for sampling in the augmentation loop experiments, and it is also the checkpoint where training is resumed with
this new synthesized dataset. In these results, it appears as though iterative fine-tuning with self-correction
has less variance during training than iterative fine-tuning with with no self-correction, and generally has
better FID scores later in training. Notably, the these two curves are closer together than they were in the cases
n ↑ {64, 128, 256}.
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Figure A11: Results from our human motion experiments on iterative fine-tuning with dataset size n = 2794.
These are graphs of the average evaluation metrics for every generation. Graphing the average evaluation
metrics makes the training dynamics trend over time more clear. With this additional smoothing, it is more
clear that iterative fine-tuning with self-correction outperforms iterative fine-tuning with no self-correction,
and is competitive with the baseline after many generations; in fact, it appears to converge to the baseline (on
average) for every synthetic augmentation percentage that we considered.
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Figure A12: Results from our human motion experiments on iterative fine-tuning, with dataset size n = 64

and 25% augmentation percentage. Each row corresponds to a different random seed. We can see that iterative
fine-tuning with self-correction consistently outperforms iterative fine-tuning with no self-correction, and
the FID score appears to converge to the baseline after many generations.

Figure A13: Results from our human motion experiments on iterative fine-tuning, with dataset size n = 64

and 50% augmentation percentage. Each row corresponds to a different random seed. We can see that iterative
fine-tuning with self-correction consistently outperforms iterative fine-tuning with no self-correction, and
the FID score appears to converge to the baseline after many generations.
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Figure A14: Results from our human motion experiments on iterative fine-tuning, with dataset size n = 64

and 75% augmentation percentage. Each row corresponds to a different random seed. We can see that iterative
fine-tuning with self-correction consistently outperforms iterative fine-tuning with no self-correction, and
the FID score appears to converge near the baseline after many generations.

Figure A15: Results from our human motion experiments on iterative fine-tuning, with dataset size n = 64 and
100% augmentation percentage. Each row corresponds to a different random seed. We can see that iterative fine-
tuning with self-correction consistently outperforms iterative fine-tuning with no self-correction. However,
we see less stability than in the runs with a lower augmentation percentage. This is in accordance with
Theorem 1.3.3.
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coordinate is given by

(g↽ ▽ fx,N )(bj) =
1

S(m,⇁)

m⇒1∑

k=1⇒m

G↽(k) · fx,N (bj⇒k) . (A.8.3)

Definition A.8.2 (Continuous convolution). The continuous Gaussian convolution filter g̃↽ : [↓ 2, 2] ∝ R>0

is

g̃↽(z) =
G 2ϱ

m
(z)

S(m,⇁)
=

m

2S(m,⇁)
G↽

(mz

2

)
. (A.8.4)

This function g̃↽(z) is a normalized truncation of a Gaussian PDF with mean 0 and standard deviation 2⇁/m.
The continuous convolution of g̃↽ : [↓2, 2] and the periodic function fx,N : [↓1, 1] ∝ R is

g̃↽ ▽ fx,N (z) :=

∫ 2

⇒2
g̃↽(u)fx,N (z ↓ u) du. (A.8.5)

A.8.2 Overview of Proof

In this subsection, we provide an overview of the proof of Theorem 2.2.3 by presenting the statements of
the lemmata that we will need, and connecting each one to the overall argument. In the next subsection, we
rigorously prove the scaling law by careful applications of these lemmata. And in the following subsection, we
will rigorously prove each of the lemmata.

This first lemma allows us to replace the discrete Gaussian convolution in the definition with a continuous
Gaussian convolution.

Lemma A.8.3. (Discrete convolution is close to continuous convolution) If we define the constant B1(m,⇁) :=

1 +
Gϱ(m)
S(m,↽) , then we have that

⇓fx,N (,b)↓ g↽ ▽ fx,N (,b)⇓2 = ⇓B1(m,⇁)fx,N (,b)↓ g̃↽ ▽ fx,N (,b)⇓2 +
△
mO(1/N2t+1

). (A.8.6)

Furthermore, B1(m,⇁) satisfies the following bound, uniformly in ⇁,

B1(m,⇁) ∋ 1 +
1

2m↓ 1
. (A.8.7)

This next lemma, a standard result from analytic number theory allows us to upper bound the sums of the
norms of the Fourier series coefficients. This is proved in various places, see e.g. [114, Equation 21].

Lemma A.8.4 (Asymptotic expansion of Riemann zeta function). Consider the Riemann zeta function
◁(t) :=

∑≃
k=1

1
kt . If t ⇔ 2, then

N∑

k=1

1

kt
= ◁(t)↓

1

t↓ 1

1

N t⇒1
+O(1/N t

). (A.8.8)

This next lemma allows us to extract the main asymptotic behavior in the scaling law.

Lemma A.8.5. (Main term asymptotic) Denote by a0(x) the constant coefficient of fx,N . Let us suppose that
the Fourier coefficients of fx,N decay like B3(x)/kt, and define the constant

B2(⇁,m, x) :=

a0(x)2B1(m,⇁)2 + 2B1(m,⇁)2B3(x)2◁(2t). (A.8.9)
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Then we know that

⇓B1(m,⇁)fx,N (,b)↓ g̃↽ ▽ fx,N (,b)⇓2 (A.8.10)

=
△
m

(
B2(⇁,m, x)↓

B1(m,⇁)2B3(x)2

2t↓ 1
·

1

N2t⇒1
+O(1/N2t

)

)
. (A.8.11)

Furthermore, B2(⇁,m, x) is bounded from above and below as a function of ⇁ and m.

This final lemma allows us to relate the continuous case, where our analysis works out easier, to the
discrete case, where our smoothness metric is actually defined.

Lemma A.8.6. (The average value of the truncated Fourier PDF is 1/2) If N < m/2, then

m⇒1∑

j=0

fx,N (bj) =
m

2
. (A.8.12)

A.8.3 Proving Theorem 2.2.3 Using the Lemmata

We now prove the theorem that provides a scaling law for the Fourier head. This result quantifies the trade-off
between modeling capacity and smoothness as the number of frequencies increases. In order to prove this, we
must assume that fx, the conditional distribution being learned by the Fourier head, is sufficiently smooth.
For example, if fx is twice continuously differentiable, then the Fourier coefficients corresponding to the k-th
frequency of fx are in O(1/k2) [110, Ch.2, Cor. 2.4]. Thus, our assumption that the Fourier coefficients decay
quadratically is reasonable, and our Fourier weight decay regularization helps ensure that this condition is met
in practice as well. In our theorem, we generalize this hypothesis to the cases where the Fourier coefficients
corresponding to the k-th frequency of fx are in O(1/kt).

Theorem 2.2.3. (Fourier head scaling law.) Consider a Fourier head with input dimension n, output dimension
m, and N frequencies. Suppose that 1 7 N < m

2 . Then the following are true:

1. (Increasing N improves modeling power.) As N increases, the Fourier head is capable of learning a
larger class of densities.

2. (Increasing N degrades smoothness.) Consider an input to the Fourier head x ↑ Rn, and denote by
fx : [↓1, 1] ∝ R the optimal conditional distribution that we would like the Fourier head to approximate
for this input. Suppose that there exists some t ⇔ 2 such that the Fourier coefficients of fx decay on the
order of 1/kt. Denote by fx,N the truncation of fx to its first N frequencies, denote by,b ↑ Rm the m

bin centerpoints in [↓1, 1], and denote by y(N)
= fx,N (,b)/(fx,N (b0) + · · ·+ fx,N (bm⇒1)) ↑ Rm the

discretization of fx,N into m bins. Then, there exist constants C1, C2 > 0 such that

s(y(N)
) = C1 ↓

C2

N2t⇒1
+O(1/N2t

). (2.2.3)
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Proof of Claim 2 of Theorem 2.2.3. We can estimate that

s(y(N)
) =

1
∑m⇒1

j=0 fx,N (bj)

≃∑

↽=1

φ↽⇓fx,N (,b)↓ g↽ ▽ fx,N (,b)⇓2 (Definition 2.2.2)

=
1

∑m⇒1
j=0 fx,N (bj)

≃∑

↽=1

φ↽

(
⇓B1(m,⇁)fx,N (,b)↓ (g̃↽ ▽ fx,N )(,b)⇓2 (Lemma A.8.3)

+
△
mO(1/N2t+1

)

)

=

△
m

∑m⇒1
j=0 fx,N (bj)

≃∑

↽=1

φ↽

(
B2(⇁,m, x)↓

B1(m,⇁)2B3(x)2

(2t↓ 1)N2t⇒1
(Lemma A.8.5)

+O(1/N2t
) +O(1/N2t+1

)

)

=
2

△
m

·

(
C3 ↓

C4

N2t⇒1
+O(1/N2t

)

)
. (Lemmata A.8.5, A.8.6)

In the last step we used the convergence of the respective series (which follows from boundedness of
B2(⇁,m, x) and B1(m,⇁) in ⇁) and we assigned C3 and C4 to be those sums. This completes the proof.

Proof of Claim 1 of Theorem 2.2.3. The proof of this claim is more straightforward. For any function f on
[↓1, 1] that is at least twice continuously differentiable, we know that the Fourier series of f converges
uniformly and absolutely to f [110, Ch. 2, Cor. 2.4]. In other words, the function fN being learnt by the
Fourier head converges uniformly and absolutely to f .

A.8.4 Proving the Lemmata

In this subsection, we will restate and prove Lemmata A.8.3, A.8.5, and A.8.6.

Lemma A.8.3. (Discrete convolution is close to continuous convolution) If we define the constant B1(m,⇁) :=

1 +
Gϱ(m)
S(m,↽) , then we have that

⇓fx,N (,b)↓ g↽ ▽ fx,N (,b)⇓2 = ⇓B1(m,⇁)fx,N (,b)↓ g̃↽ ▽ fx,N (,b)⇓2 +
△
mO(1/N2t+1

). (A.8.6)

Furthermore, B1(m,⇁) satisfies the following bound, uniformly in ⇁,

B1(m,⇁) ∋ 1 +
1

2m↓ 1
. (A.8.7)

Proof of Lemma A.8.3. Extending fx,N periodically to [↓2, 2], we can compute that the continuous convolu-
tion g̃↽ ▽ fx,N (z) is

(g̃↽ ▽ fx,N )(z) =

∫ 2

⇒2
g̃↽(u)fx,N (z ↓ u) du (A.8.13)

=
m

2S(m,⇁)

∫ 2

⇒2
G↽

(mu

2

)
fx,N (z ↓ u) du (A.8.14)

=
1

S(m,⇁)

∫ m

⇒m
G↽(s)fx,N

(
z ↓

2s

m

)
ds, (A.8.15)
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where in the third step we applied the change of variables s = mu
2 . We claim that this is precisely a continuous

approximation of the discrete convolution in Definition 2.2.2. To see this, we will apply the Euler-Maclaurin
formula. This formula says that the integral in Equation A.8.15 is a Riemann sum over rectangles of width 1

evaluated at the right endpoints of each interval, minus an error term E(m,⇁), as follows:

(g̃↽ ▽ fx,N )(bj) + E(m,⇁) =
1

S(m,⇁)

m∑

k=1⇒m

G↽(k) · fx,N

(
bj ↓

2k

m

)
(A.8.16)

=
1

S(m,⇁)

m∑

k=1⇒m

G↽(k) · fx,N

(
↓1 +

2j + 1

m
↓

2k

m

)
(A.8.17)

=
1

S(m,⇁)

m∑

k=1⇒m

G↽(k) · fx,N

(
↓1 +

2(j ↓ k) + 1

m

)
(A.8.18)

=
1

S(m,⇁)


m⇒1∑

k=1⇒m

G↽(k) · fx,N (bj⇒k) +G↽(m)fx,N (bj⇒m)


(A.8.19)

=
1

S(m,⇁)
(S(m,⇁) · (g↽ ▽ fx,N )(bj) +G↽(m)fx,N (bj)) (A.8.20)

= (g↽ ▽ fx,N )(bj) +
1

S(m,⇁)
G↽(m)fx,N (bj), (A.8.21)

where the error term is defined as

E(m,⇁) :=
1

S(m,⇁)

∫ m

⇒m

d
(
G↽(s)fx,N

(
z ↓ 2s

m

))

ds
P1(s) ds (A.8.22)

+
1

2S(m,⇁)
(G↽(m)fx,N (z ↓ 2)↓G↽(↓m)fx,N (z + 2)) , (A.8.23)

where P1(s) := s ↓ ≃s⇐ ↓ 1/2 is the periodized Bernoulli polynomial. We will now estimate this error
term. Note that since G↽ is an even function and fx,N is periodic with period 2, the difference in A.8.23 is 0.
Therefore, we can compute that

E(m,⇁) =
1

S(m,⇁)

∫ m

⇒m
G↘

↽(s)P1(s)fx,N

(
z ↓

2s

m

)
ds (A.8.24)

↓
2

mS(m,⇁)

∫ m

⇒m
G↽(s)P1(s)f

↘
x,N

(
z ↓

2s

m

)
ds. (A.8.25)

Using the triangle inequality, we can bound E(m,⇁) in terms of convolutions with g̃↽:

|E(m,⇁)| ∋
1

S(m,⇁)


∫ m

⇒m
G↘

↽(s)P1(s)fx,N

(
z ↓

2s

m

)
ds

 (A.8.26)

+
1

S(m,⇁)


∫ m

⇒m
G↽(s)P1(s)f

↘
x,N

(
z ↓

2s

m

)
↓2

m
ds

 (A.8.27)

∋
1

S(m,⇁)


m

2⇁2

∫ m

⇒m
G↽(s)fx,N

(
z ↓

2s

m

)
ds+ (A.8.28)

+
1

m

∫ m

⇒m
G↽(s)

f
↘
x,N

(
z ↓

2s

m

) ds


(A.8.29)

=
m

2⇁2
(g̃↽ ▽ fx,N )(z) +

1

m
(g̃↽ ▽

f ↘
x,N

)(z), (A.8.30)
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where in Equation A.8.29 we used that |P1(s)| ∋ 1/2 and that |G↘
↽(s)| = |s|G↽(s)/⇁2

∋ mG↽(s)/⇁2 for
s ↑ [↓m,m].

Note that since g̃↽ is a truncated Gaussian on [↓2, 2], it is infinitely differentiable on the open set (↓2, 2),
however, it is not differentiable at the endpoints ↓2 and 2 when treated as a 4-periodic function. This technical
difficulty can be resolved using mollifiers: we can replace g̃↽ with g̃↽ ▽0ε, where {0ε} is a family of mollifiers
indexed by 1 > 0. The key properties of a mollifier are that g̃↽ ▽ 0ε is infinitely differentiable as a 4-periodic
function for all 1 > 0 and limε⇐0 g̃↽ ▽ 0ε = g̃↽ [111, Ch. 3]. We are ultimately interested in only bounds
on absolute values of g̃↽ convolved with various functions, and since absolute values are continuous and
inequalities are preserved under taking limits, all our bounds are still true. In particular, this shows that the k’th
Fourier coefficients of g̃↽ decay faster than any polynomial. And on the other hand, by assumption we know
that the Fourier coefficients of fx,N decay on the order of 1/kt; and we know that |f ↘

x,N | is continuous and 2ϖ

periodic, so its Fourier coefficients converge. So by the convolution theorem, we can deduce that the Fourier
coefficients of g̃ ▽ fx,N and g̃↽ ▽ |f ↘

x,N | decay faster than any polynomial. Summed over the N frequencies,
this shows that |g̃↽ ▽ fx,N (x)| and |g̃↽ ▽

f ↘
x,N

 (z)| decay faster than any polynomial as well. Since m is fixed
and ⇁ ⇔ 1, this implies that

|E(m,⇁)| = O(1/N2t+1
). (A.8.31)

Using Definition A.8.1 and Equation A.8.16, we have that

g↽ ▽ fx,N (bj) =
1

S(m,⇁)

m∑

k=1⇒m

G↽(k) · fx,N

(
bj ↓

2k

m

)
↓

1

S(m,⇁)
G↽(m)fx,N (bj) (A.8.32)

= (g̃↽ ▽ fx,N )(bj) + E(m,⇁)↓
1

S(m,⇁)
G↽(m)fx,N (bj). (A.8.33)

If we define C1(m,⇁) := Gϱ(m)
S(m,↽) , then Equation A.8.33 combined with A.8.31 together imply that

g↽ ▽ fx,N (bj)↓ g̃↽ ▽ fx,N (bj) + C1(⇁,m)fx,N (bj)
 = O(1/N2t+1

). (A.8.34)

Finally, we can estimate that

⇓fx,N (,b)↓ g↽ ▽ fx,N (,b)⇓2 (A.8.35)

= ⇓fx,N (,b)↓ g̃↽ ▽ fx,N (,b) + C1(⇁,m)fx,N (,b)⇓2 (A.8.36)

+ ⇓g↽ ▽ fx,N (,b)↓ g̃↽ ▽ fx,N (,b) + C1(m,⇁)fx,N (,b)⇓ (A.8.37)

= ⇓fx,N (,b)↓ g̃↽ ▽ fx,N (,b) + C1(m,⇁)fx,N (,b)⇓2 +
△
m⇓O(1/N2t+1

)⇓2 (A.8.38)

= ⇓(1 + C1(m,⇁))fx,N (,b)↓ g̃↽ ▽ fx,N (,b)⇓2 +
△
mO(1/N2t+1

). (A.8.39)

This completes the first part of the proof. For the second part of the proof, since S(m,⇁) ⇔ (2m↓1)G↽(m↓1),
we can estimate that

B1(m,⇁) ∋ 1 +
G↽(m)

(2m↓ 1)G↽(m↓ 1)
∋ 1 +

1

2m↓ 1
e⇒(2m⇒1)/2↽2

∋ 1 +
1

2m↓ 1
. (A.8.40)

This completes the proof.
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Lemma A.8.5. (Main term asymptotic) Denote by a0(x) the constant coefficient of fx,N . Let us suppose that
the Fourier coefficients of fx,N decay like B3(x)/kt, and define the constant

B2(⇁,m, x) :=

a0(x)2B1(m,⇁)2 + 2B1(m,⇁)2B3(x)2◁(2t). (A.8.9)

Then we know that

⇓B1(m,⇁)fx,N (,b)↓ g̃↽ ▽ fx,N (,b)⇓2 (A.8.10)

=
△
m

(
B2(⇁,m, x)↓

B1(m,⇁)2B3(x)2

2t↓ 1
·

1

N2t⇒1
+O(1/N2t

)

)
. (A.8.11)

Furthermore, B2(⇁,m, x) is bounded from above and below as a function of ⇁ and m.

Proof of Lemma A.8.5. We will first argue that B2(⇁,m, x), as a function of ⇁ and m, is bounded from above
and below. Indeed, from its definition, B2(⇁,m, x) ⇔


a0(x)2B1(m,⇁)2 ⇔ |a0(x)|. But the Fourier PDF

has integral 1 over [↓1, 1], so its constant term is a0(x) = 1/2. This implies that B2(⇁,m, x) ⇔ 1/2. To see
B2(⇁,m, x) is bounded from above, we simply recall that in Lemma A.8.3 we showed that |B1(m,⇁)| ∋ 2,
which implies that |B2(⇁,m, x)| ∋


4a0(x)2 + 8B3(x)2◁(2t). This shows that B2(⇁,m, x) is bounded

above and below as a function of m and ⇁, as claimed.
Now, let (d0(x), . . . , dm⇒1(x)) ↑ Rm be the discrete Fourier transform of (B1(m,⇁)fx,N ↓ g̃↽ ▽

fx,N )(,b) ↑ Rm. For notational simplicity, we will write B1 = B1(m,⇁) as long as ⇁ is fixed. By Plancherel’s
Theorem, we have

m⇒1∑

j=0

|(B1fx,N ↓ g̃↽ ▽ fx,N )(bj)|
2
=

1

m

m⇒1∑

k=0

|dk(x)|
2 . (A.8.41)

Let h↽,j be the Fourier coefficients of g̃↽ , treated as a periodic function with period 4, and defined over [↓2, 2]:

g̃↽(z) =
≃∑

j=⇒≃
h↽,je

ϱijz/2. (A.8.42)

Since fx,N is defined over [↓1, 1] and is periodic with period 2, we can likewise treat it as a function over
[↓2, 2] with period 4, in which case we can rewrite its Fourier series as

fx,N (z) =
2N∑

j=⇒2N

ãj(x)e
ϱijz/2, (A.8.43)

where

ãj(x) =





aj/2(x) if j ∅ 0 (mod 2)

0 else.
(A.8.44)
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Then, by the Convolution Theorem, we have

(B1fx,N ↓ g̃↽ ▽ fx,N )(bl) =
2N∑

j=⇒2N

ãj(x)(B1 ↓ h↽,j) · e
ϱijbl/2 (A.8.45)

=

N∑

k=⇒N

ã2k(x)(B1 ↓ h↽,2k) · e
ϱikbl (A.8.46)

=

N∑

k=⇒N

ak(x)(B1 ↓ h↽,2k) · e
ϱikbl , (A.8.47)

where in the second equality we used the fact that ãj is 0 for odd j and therefore re-indexed using k = j/2.
Thus, using the definition of DFT along with Equation A.8.47, we get

dk(x) =
m⇒1∑

l=0

(B1fx,N ↓ g̃↽ ▽ fx,N )(bl) · e
⇒2ϱikl/m (A.8.48)

=

m⇒1∑

l=0

N∑

j=⇒N

aj(x)(B1 ↓ h↽,2j)e
ϱijbl · e⇒2ϱikl/m (A.8.49)

=

N∑

j=⇒N

aj(x)(B1 ↓ h↽,2j)

m⇒1∑

l=0

eϱij(⇒1+ 2l+1
m )

· e⇒2ϱikl/m (A.8.50)

=

N∑

j=⇒N

aj(x)(B1 ↓ h↽,2j) · e
ϱij(⇒1+1/m)

m⇒1∑

l=0

e2ϱi(j⇒k)l/m. (A.8.51)

First, we claim that at most a single summand (in j) is represented. Towards this, we note that

m⇒1∑

l=0

e2ϱi(j⇒k)l/m
=





0 j ℜ∅ k (mod m)

m j ∅ k (mod m).
(A.8.52)

Then, we note that since 0 < N < m/2, for each 0 ∋ k < m, there is at most one j ↑ {↓N,↓N+1, . . . , N},
such that j ∅ k (mod m). This shows that there is at most a single summand. We will now find the exact
formula for each summand. We consider three cases.

• Case 1: 0 ∋ k ∋ N . In this case, j = k satisfies j ∅ k (mod m), so this index gives the exponential
sum of m.

• Case 2: N < k < m ↓N . In this case, k is too large to be an index in the sum, so we can’t choose
j = k; the next smallest equivalent value is j = k ↓ m, which satisfies j ∅ k (mod m). But
N ↓m < j < ↓N in this case, so k is too small to be an index in the sum; therefore, every exponential
sum is zero in this range.

• Case 3: m↓N ∋ k ∋ m↓1. In this case, j = k↓m satisfies j ∅ k (mod m). We have ↓N ∋ j ∋ 1,
so this is a valid index in the sum.
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This gives the following closed formula:

dk(x) =






m · ak(x)(B1 ↓ h↽,2k)eϱik(⇒1+1/m)
0 ∋ k ∋ N

0 N < k < m↓N

m · ak⇒m(B1 ↓ h↽,2(k⇒m))e
ϱi(k⇒m)(⇒1+1/m) m↓N ∋ k ∋ m↓ 1.

(A.8.53)

Using this closed formula in A.8.41, we obtain

m⇒1∑

j=0

|(B1fx,N ↓ g̃↽ ▽ fx,N )(bj)|
2 (A.8.54)

=
1

m

N∑

k=0

m · ak(x)(B1 ↓ h↽,2k)e
ϱik(⇒1+1/m)


2

(A.8.55)

+
1

m

m⇒1∑

k=m⇒N

m · ak⇒m(B1 ↓ h↽,2(k⇒m))e
ϱi(k⇒m)(⇒1+1/m)


2

(A.8.56)

= m
N∑

k=0

|ak(x)(B1 ↓ h↽,2k)|
2
+m

m⇒1∑

k=m⇒N

ak⇒m(B1 ↓ h↽,2(k⇒m))
2 , (A.8.57)

where in the last step we used that
eϱik(1⇒1/m)

 = 1 =
eϱi(k⇒m)(1⇒1/m)

 since they are both complex
exponentials. Now, since g̃↽ is a real and even function, we know that its Fourier coefficients h↽,k are real.
Further, since g̃↽ is infinitely differentiable, we also know that h↽,k = O(1/kt) (in fact they decay faster than
1/kp for any p ⇔ 1). Thus, using that |ak(x)| decays like B3(x)/kt, we see

|ak(x)(B1 ↓ h↽,2k)|
2
= |ak(x)|

2
(B2

1 ↓ 2h↽,2k(x) + h2
↽,2k) (A.8.58)

=
B2

3B
2
1

k2t
+O

(
1

k2t(2k)t

)
+O

(
1

k2t(2k)2t

)
. (A.8.59)

From A.8.59, it is clear that since we are interested in only the dominant asymptotic, we can safely ignore the
higher order terms coming from the h↽,k. As a result, we can estimate that

m⇒1∑

j=0

|(B1fx,N ↓ g̃↽ ▽ fx,N )(bj)|
2
→ mB2

1a0(x)
2
+m

N∑

k=1

B2
3B

2
1

k2t
+m

m⇒1∑

k=m⇒N

B2
3B

2
1

(k ↓m)2t
(A.8.60)

= ma0(x)
2B2

1 +m
N∑

k=1

B2
3B

2
1

k2t
+m

⇒1∑

k=⇒N

B2
3B

2
1

k2t
(A.8.61)

= ma0(x)
2B2

1 +m
N∑

k=1

B2
3B

2
1

k2t
+m

N∑

k=1

B2
3B

2
1

k2t
(A.8.62)

= ma0(x)
2B2

1 + 2m
N∑

k=1

B2
3B

2
1

k2t
. (A.8.63)

Next, we note that our asymptotic in Lemma A.8.4, applied at 2t, yields

N∑

k=1

1

k2t
= ◁(2t)↓

1

2t↓ 1

1

N2t⇒1
+O(1/N2t

). (A.8.64)
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Substituting this into A.8.63, we obtain

m⇒1∑

j=0

|(B1fx,N ↓ g̃↽ ▽ fx,N )(bj)|
2 (A.8.65)

= ma0(x)
2B2

1 + 2mB2
1B

2
3

(
◁(2t)↓

1

2t↓ 1

1

N2t⇒1
+O(1/N2t

)

)
(A.8.66)

= m

(
B2

2 ↓
2B2

1B
2
3

2t↓ 1

1

N2t⇒1
+B2

1B
2
3O(1/N2t

)

)
(A.8.67)

= m

(
B2

2 ↓
2B2

1B
2
3

2t↓ 1

1

N2t⇒1
+O(1/N2t

)

)
, (A.8.68)

where we defined B2 = B2(⇁,m, x) :=

a0(x)2B2

1 + 2B2
1B

2
3◁(2t) as in the statement of the Lemma, and

in the third line we applied Lemma A.8.3 to estimate that B1 ∋ 2, and we used that B3 = B3(x) only depends
on x. Then, using the Taylor expansion (1 + x)1/2 = 1 +

x
2 +O(x2

) about 0, we can estimate that




m⇒1∑

j=0

|(B1fx,N ↓ g̃↽ ▽ fx,N )(bj)|
2




1/2

(A.8.69)

=

(
mB2

2 ↓
m2B2

1B
2
3

2t↓ 1

1

N2t⇒1
+mO(1/N2t

)

)1/2

(A.8.70)

=
△
mB2

(
1↓

2B2
1B

2
3

(2t↓ 1)B2
2

1

N2t⇒1
+

1

B2
2

O(1/N2t
)

)1/2
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To justify our application of the Taylor expansion, we note that N ℑ 1, and B2 = B2(⇁,m, x) is bounded
below as a function of ⇁ and m. This completes the proof.

Lemma A.8.6. (The average value of the truncated Fourier PDF is 1/2) If N < m/2, then

m⇒1∑

j=0

fx,N (bj) =
m

2
. (A.8.12)

Proof of Lemma A.8.6. Denote by ak the Fourier coefficients of fx,N . We can compute that

m⇒1∑

j=0

fx,N (bj) =
m⇒1∑

j=0
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Note that by hypothesis, N < m/2, which implies that |k| < m for every outer sum index k. We consider
two cases; if k = 0, then the innermost summand is e

2ςijk
m = 1; and if k ℜ= 0, then the innermost sum is a
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truncated geometric series with first term 1, common ratio e
2ςik
m , and m terms. In summary, the innermost

summand is

m⇒1∑

j=0

e
2ςijk

m =





m k = 0

0 k ℜ= 0,
(A.8.76)

which implies that
∑m⇒1

j=0 fx,N (bj) = ma0. But a0 = 1/2 because fx,N is a PDF implies it has average value
1/2 over [↓1, 1]. This completes the proof.

A.9 FH: Smoothness Metric

We will examine how the proposed smoothness metric Equation 2.2.1 behaves in a toy example setting to gain
intuition for its behavior. Consider a square wave, which can be expressed as an infinite sum of odd integer
harmonics that decay in amplitude proportional to their frequency:

f(x) =
4

ϖ

≃∑

n=1,3,5,...

1

n
sin

(nϖx
L

)
. (A.9.1)

Here, the wavelength is 2L [126].
We construct a truncated version of the square wave with a finite and fixed number of frequencies. The

waveform will slowly approach its jagged, square shape as more sine waves are added. We frame these
increasingly jagged waves as discretized multinomial densities to simulate the output of the Fourier head. To
do this, we simply set the height to zero when the wave crest becomes negative and normalize the sum to 1.
The output of this transformation for a few representative waveforms is pictured in Figure A16.

Intuitively, the truncated square wave with a single sine wave ought to be the smoothest. Thus our metric
in this context should be smallest at that point, and increase monotonically as we add more sine waves. The
plot in A17 demonstrates that this is indeed the case.

Choice of L2 Distance over L1 Distance: The proposed smoothness metric Equation 2.2.1 permits
a general measure of discrepancy D, and we’ve chosen D to be L2 distance as indicated in 2.2.2. We
empirically observe that L2 distance better preserves monotonicity than the L1 for higher frequency content,
thus motivating this choice. With a sample rate of 2048Hz, the L1 distance exhibits some undesirable warping
when our square-wave multinomial uses over 80 sine waves (see Figure A17). A Fourier head in a practical
setting may possess several more than 80 frequencies; accordingly, we favor the L2 distance as our discrepancy
measure.

Alternative Notions of Smoothness: In validating our choice of smoothness metric, we compare it to the
spectral entropy [54], which has a similar purpose in quantifying the “smoothness” of the frequency content of
a signal. Spectral entropy is defined as the Shannon entropy of the power spectral density of a sampled signal
f , which is defined as follows:

H(f ;N) =

∑

n↔N

p(n) log2

(
1

p(n)

)
= ↓

∑

n↔N

Sn

Stotal
log2

(
Sn

Stotal

)
(A.9.2)
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Figure A16: Truncated square waves framed as densities and their smoothness.

Here, N is the number of Fourier frequencies and S is the power of a frequency n ↑ N ; Sn is the power
spectrum of the nth frequency, and Stotal is the power of the signal using all N frequencies. For some
frequency at index n, Sn/Stotal is called its relative power and

∑
n↔N

Sn
Stotal

= 1 enables us to consider each
frequency’s power as a probability.

In the discrete case, the maximum entropy distribution is the uniform distribution. Thus, white noise will
have the highest spectral entropy. This has the consequence that power spectral densities have more high
frequency information will have lower entropy than that of white noise, provided that there is a relationship
between amplitude and frequency. More concretely, blue noise, which is defined by the amplitude increasing
proportionally to the frequency, will have lower spectral entropy than white noise. We sought a metric that
always quantified ‘sharper’ signals like blue noise as less smooth. In Table A1, we frame sampled noises
of different types as multinomial distributions to match our model setting by normalizing their amplitudes
to be in [0, 1] and normalizing their sum to 1. Our noise types are defined before normalization, in order of
smoothest to sharpest:

• Brown: S ⊤
1
F 2

• Pink: S ⊤
1
F

• White: S ↘ N (0, 1)

• Blue: S ⊤ F

where S is the power density and F is the frequency. To obtain samples of each type, we first generate white
noise. We do this by sampling a Gaussian with mean 0 and standard deviation 1 to obtain amplitudes for t
samples. We then apply the Fourier transform, and multiply (or divide) the amplitudes of each component by
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Figure A17: Values of the smoothness metric 2.2.2 on our square-wave-like multinomials as we increase
the number of sine waves. We desire the value of this metric to be close to zero when there are few sine
waves, and be monotonically increasing with each additional wave, indicating that adding more high frequency
content results in a less smooth distribution. On the right, we can see that L1 as a discrepancy measure leads
to non-monotonicity, motivating our choice of L2 distance in measuring our results.

their frequency, and apply the inverse Fourier transform to recover the waveform. Finally we adjust the range
of amplitudes of the signal to be within [0, 1] and normalize the sum to 1.

Discrepancy Noise Mean ± Std. Deviation Diff Delta Desired Delta
L2 Brown 0.0003 ± 0.0001 n/a n/a n/a
L2 Pink 0.0017 ± 0.0002 0.0014 + +
L2 White 0.0034 ± 0.0003 0.0016 + +
L2 Blue 0.0038 ± 0.0003 0.0005 + +
Spectral Entropy Brown 0.4516 ± 0.0894 n/a n/a n/a
Spectral Entropy Pink 0.3878 ± 0.0603 -0.0638 - +
Spectral Entropy White 0.4266 ± 0.0614 0.0388 + +
Spectral Entropy Blue 0.4191 ± 0.0583 -0.0076 - +

Table A1: Smoothness measurements for four types of noise bootstrap aggregated over 1,000 trials. The
color red emphasizes how the value of Spectral Entropy is undesirably not monotonic increasing for what we
consider increasingly “sharp” noise types.

A.10 FH: Additional Experiment Details, Toy Examples

A.10.1 Motivating Example: Audio Spectrogram Transformer

To illustrate a simple problem setting where the design of the Fourier head is appropriate, we use it as a
drop-in replacement for a linear classification head in the Audio Spectrogram Transformer [39]. We consider
the task of beats per minute (BPM) classification for metronome-like audio samples [125] within the tempo
range {50, 51, . . . , 210}. While this task is not difficult, we use this audio classification task to illustrate
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Audio Classification Task: Learned Linear vs. Fourier PMFs

Figure A18: Comparison between the PMF learned by the linear head, and the Fourier head with 2 frequencies,
for the toy BPM classification task, on a single audio example. We observe that the Fourier head learns a
smoother categorical distribution over its predicted values, and is better centered around the ground truth label.
We also note the small mini-sine wave artifacting on the left side of the Fourier model, which tends to occur
when using few frequencies.

some of the design choices one can make when using the Fourier head. In this case, it is natural to group
the BPMs into contiguous bins {[50, 54], [55, 59], . . . } and use the Fourier head to classify them. These bins
have a natural continuous structure, which is where the Fourier head performs well. We also expect that the
categorical distribution over possible BPMs for a given audio clip ought to be unimodal and therefore require
few frequencies to approximate. In fact, our best performing model for this example uses only one frequency.

We initialize the Audio Spectrogram Transformer with pretrained weights from AudioSet [34], and we
train two different models–one with a standard linear classification head, and one with the Fourier head. The
Fourier head outperforms the linear classification head by an F1 score improvement of +118%. We attribute
this success to the inductive bias of continuity that the Fourier head imparts. In Figure A18 we present the
learned probability masses of both heads on the same input sample. This graph illustrates that the Fourier head
learns smoother PMFs than the linear head, a concept which we will later formalize and explore.

A.10.2 Learning a Continuous Density

Here we provide full details of the datasets used in our toy example of learning a known conditional distribution.
Dataset: We create a synthetic dataset D = {(q(x), q(y), q(z))} ⇑ R3 as follows. Fix a probability

distribution P1 = P1(x) that is parameterized by one variable and a second distribution P2 = P2(x, y)

parameterized by two variables. Fix an interval I ⇑ R. Sample x uniformly from I , sample y ↘ P1(x), and
finally sample z ↘ P2(x, y). We can repeat this sampling procedure N times to obtain a set of N triples for
which we know the conditional distribution of z given x and y. Finally, we quantize this set to a fixed number
of uniformly spaced bins in the range [↓1, 1] to obtain the dataset DP1,P2 . We will denote the quantization of
z by q(z). We quantize into 50 bins and our dataset has size 5000, with a 80-20 split between the train and test
set. We describe three choices for the distributions we used to create our datasets. We fix I = [↓0.8, 0.8] and
⇁2

= 0.01 in all of them.

1. Gaussian dataset: P1(x) = N (x,⇁2
), and P2(x, y) = N (y,⇁2

).

2. GMM-2 dataset: P1 = Uniform(I), and P2(x, y) is a GMM centered at x and y with variance ⇁2.
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Figure A19: We study how the quantity of Fourier frequencies impacts KL divergence and smoothness for the
toy example on each dataset. For both KL divergence and smoothness, lower is better. We observe that the
Fourier models with and without regularization performed similarly to each other, and outperformed the linear
baseline. We also note that the 50% error bars are larger for the linear baseline model; this indicates that the
Fourier models (both with and without regularization) are in general more stable. This is in contrast to our
large scale time series forecasting experiments, where we find that regularization helps; this is likely because
those experiments use an order of magnitude more frequencies, and their conditional distributions are more
complicated. While the GMM head has better KL divergence on the Gaussian and GMM-2 datasets, which is
to be expected, the Fourier model (both with and without regularization) eventually has the best KL divergence
on the Beta dataset, since it is non-Gaussian Notice also how on each of the datasets, the smoothness degrades
as frequency increases, in a fashion that follows the asymptotic from our Theorem 2.2.3.

3. Beta dataset: P1(x) = N (x,⇁2
), and P2(x, y) ↘ U({±1})↔ Beta(100 |x| , 100 |y|), where U({±1})

denotes the Rademacher distribution supported on {±1} with probability 1/2 each.

Additional results: In Figure A19, we present results from training over a range of frequencies, and for
each frequency we ran experiments with and without Fourier regularization. In Table A3 we present results on
the MSE metric, that show that the Fourier head outperforms the linear classification head.

A.10.3 MLE-based Fourier Head

We carry out experiments in the continuous domain analogous to those we did in the quantized domain from
the toy example.

Dataset: We use the same synthetic datasets–Gaussian, GMM-2, and Beta–as in the previous subsection,
except we do not quantize the data into bins.

Task: Predict the conditional distribution of z given (x, y).
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Figure A20: We study how the quantity of Fourier frequencies impacts KL divergence and perplexity for
the toy example on each dataset for the MLE experiments. For both KL divergence and perplexity, lower is
better. We observe that the Fourier models with and without regularization performed similarly to each other.
While the GMM head has better KL divergence on the Gaussian and GMM-2 datasets, which is to be expected,
the Fourier model (both with and without regularization) has the best KL divergence on the Beta dataset for
sufficiently large Fourier frequencies, since it is non-Gaussian.

Model architecture: Our model is an MLP with one hidden layer and the final layer is an MLE-based
Fourier head which returns the 2N + 1 learned real coefficients of the Fourier series, mapping R2

∝ R64
∝

R32
∝ R2N+1. Alongside the Fourier-MLE model, we consider a baseline where the final layer is a Gaussian

model mixture whose means and standard deviations are learned using an MLE objective. For the MLE-Fourier
model, we sweep over frequencies N = 2, 4, . . . , 20 and regularization ε ↑ {0, 10⇒6

}.

Model evaluation: We use two metrics for evaluation. The first metric is the average KL divergence
DKL(P(x, y)⇓M(x, y)), where P(x, y) is the fixed conditional distribution of z given (x, y) and M(x, y)

denotes the predicted probability density function of z. Our second metric is perplexity, which is the exponential
of the average negative log likelihood of the test set.

Results: The metrics for the best performing model on each dataset are reported in Table A4. Figure A22
presents sample visualizations of the learned conditional distributions alongside the true densities. While, as
expected, the GMM-MLE head outperforms the Fourier-MLE head on the Gaussian and GMM-2 datasets
due to the Gaussian nature of the datasets, the Fourier-MLE head outperforms the GMM-MLE head on the
Beta dataset, highlighting the flexibility of the Fourier-MLE head in learning a large variety of probability
distributions. In Appendix A.10.2, we present the results of a study on the impact of number of frequencies
and Fourier regularization in the MLE setting.
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KL Divergence (∃)
Dataset Linear GMM Fourier
Gaussian 0.170 ± 0.052 0.026 ± 0.011 0.116 ± 0.043
GMM-2 0.238 ± 0.032 0.030 ± 0.006 0.146 ± 0.033
Beta 0.234 ± 0.032 0.407 ± 0.012 0.191 ± 0.016

Smoothness (∃)
Dataset Linear GMM Fourier
Gaussian 0.116 ± 0.049 0.068 ± 0.012 0.057 ± 0.011
GMM-2 0.068 ± 0.022 0.043 ± 0.009 0.038 ± 0.007
Beta 0.127 ± 0.044 0.061 ± 0.003 0.076 ± 0.021

Table A2: KL divergence and Smoothness for the three classification heads (Linear, GMM, and Fourier) on
each of the three synthetic datasets (Gaussian, GMM-2, Beta). As expected, the GMM head achieves the
best KL divergence on the Gaussian and GMM-2 datasets, as their conditional distributions are Gaussian.
However, the Fourier head has the best KL divergence on the Beta dataset. This demonstrates the flexibility of
the Fourier head in modeling non-Gaussian distributions as well.

Toy Example: MSE (∃)

Classification Head
Dataset Pointwise Regression Linear GMM Fourier
Gaussian 0.010 ± 0.001 0.013 ± 0.001 0.010 ± 0.001 0.012 ± 0.001
GMM-2 0.121 ± 0.004 0.126 ± 0.004 0.120 ± 0.004 0.123 ± 0.005
Beta 0.275 ± 0.009 0.276 ± 0.008 0.273 ± 0.009 0.275 ± 0.008

Table A3: We compare the MSE between the linear head, GMM head, and the Fourier head with 12 frequencies
and no regularization, for every dataset in the toy example. We also include a Pointwise Regression model
baseline, whose base architecture is same as the classification heads, except the last classification layer is
replaced with a dense layer having output dimension 1. We train the Pointwise Regression model using MSE.
For a given dataset, the MSE values across all of the models is roughly similar. This is because the pointwise
regression model tends to regress to the mean, as does the expected value of each of the classification heads.

A.10.4 Are LLMs Random Number Generators?

Dataset: We create a training dataset using the prompt template: “The following is a list of normally distributed
random numbers in the interval [-1, 1] with mean µ and std ⇁: x1, x2, ” and response template: “x3”, where
(µ,⇁) ↑ {(↓0.55, 0.10), (↓0.03, 0.24), (0.42, 0.16), (0.55, 0.10)}, and each xi ↘ N (µ,⇁). We write each
number using two decimal places. Our training dataset consists of 256 such (prompt, response) pairs, divided
evenly among the four distributions.

Model Architecture: We consider three different models: the original Llama-3.1-8B-Instruct model [31],
the original model after LoRA fine-tuning, and the original model where we replace the linear classification
head with the Fourier head and perform LoRA fine-tuning. For the Fourier head, we use an output dimension
of 200 and the original latent space [↓1, 1] because of our chosen decimal precision. We conduct LoRA
fine-tuning for 16 epochs with a learning rate of 3 ▽ 10⇒4 and a linear decay schedule, and a batch size of 64.
We release all of our training code on our project page.

Model Evaluation: We compute two metrics: the first is Total Variation Distance; we define this to be one
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Toy Example: Ground Truth Conditional Distribution vs. Pointwise Regression Output

Figure A21: We present some examples of the ground truth conditional distribution versus the point predicted
by the Pointwise Regression model. The regression model simply regresses to the mean of the conditional
distribution. Accordingly, the regression model performs extremely well for the unimodal Gaussian dataset,
and it performs poorly for the bimodal datasets GMM-2 and Beta.

KL Divergence (∃) Perplexity (∃)
Dataset GMM-MLE Fourier-MLE GMM-MLE Fourier-MLE
Gaussian 0.012 ± 0.002 0.034 ± 0.003 0.410 ± 0.014 0.422 ± 0.019
GMM-2 0.018 ± 0.001 0.072 ± 0.005 0.702 ± 0.015 0.740 ± 0.014
Beta 0.257 ± 0.03 0.130 ± 0.005 0.623 ± 0.035 0.542 ± 0.017

Table A4: We compare metrics between the GMM-MLE head, and the Fourier-MLE head with 12 frequencies
and no regularization, for every dataset in our toy example. We aggregate metrics over 4 different seeds and
report the standard deviation.

half of the L≃ distance between the ground truth quantized Gaussian histogram, and the empirical histogram
of samples, quantized into 20 bins. Our second metric is the Quantity of Unique Samples. In Figure 2.3
we present example histograms for each of the three models that we consider for the median TVD in each
class. Those results demonstrate that the Fourier head learns a more accurate PMF. And in Figure A23 we
demonstrate that the Fourier head model consistently obtains a lower TVD and a greater diversity of samples.
We hypothesize that the LoRA-finetuned baseline model has fewer diverse samples because it memorizes
training data instead of learning the actual distribution. In contrast, the Fourier head is forced to learn a
continuous distribution, and samples directly from that distribution.

Related works which consider LLMs as random number generators: Gu et al. [41] explores probability
distribution sampling in LLMs in the context of behavioral simulation, which demonstrates an application of
using LLMs as random number generators. And Paruchuri et al. [91] explores the tasks of using LLMs for
estimating percentiles, drawing samples, and calculating probabilities. Lastly, Hopkins et al. [51] explores
sampling from numerical probability distributions using LLMs, but they only consider a single non-uniform
density, namely the normal distribution N(0.5, 0.2887). They find that LLMs don’t perform well at this task,
but they don’t thoroughly investigate model-based interventions. In contrast, we thoroughly investigate the
impact of fine-tuning, and replacing the token classification head one with a better inductive bias for modeling
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Figure A22: Comparison between the PDFs learned by the GMM-MLE head and the Fourier-MLE head for
each of the datasets in the toy example. While GMM-MLE outperforms Fourier-MLE on the Gaussian and
GMM-2 datasets, Fourier-MLE performs better on the Beta dataset.

complex probability distributions.

A.11 FH: Additional Experiment Details, Large-Scale Examples

A.11.1 Decision Transformer

Following the original Decision Transformer implementation, we trained on 500k transitions observed by a
DQN agent during training, for 5 epochs. We trained on the same model size as the original implementation (a
GPT-1 model with approximately 2.012M parameters) which takes about 4 hours on a single GPU. We can
see that in Figure A24 that the PMFs learned by the Fourier head are smoother. In Figure A27 we present
results for more Atari games. In Figure A25, we present results from an ablation study of the model size. The
results demonstrate that, across model sizes, the Decision Transformer with a Fourier head is better at learning
high-quality next action distributions than the Decision Transformer with a linear head. And in Figure A26,
we present results from an ablation study of the dataset size, which show that the Fourier head obtains larger
returns than the Linear classification head across dataset sizes.

A.11.2 Chronos

In Figure A28 we present a learned next-token PMF from a linear Chronos model, and a next-token PMF
from a Chronos model which uses the linear head. The Fourier head is about 4x smoother. In Table A5 we
present results from an ablation study on the quantity of Fourier frequencies, choice of regularization, and
binning strategy. We followed the original Chronos implementation, keeping all hyperparameters the same. In
particular, we trained for 200k steps, on the same model size as the original implementation (the T5 model
with approximately 20M parameters) and this takes about 48 hours on 8 GPUs. See Table A6 for the datasets
we used to train and evaluate Chronos.
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Figure A23: We demonstrate that the Fourier head model consistently obtains a lower total variation distance,
as well as a greater diversity of samples. For TVD (top), lower is better, because lower values indicate that the
learned distribution is closer to the ground truth distribution. And for quantity of samples (bottom), higher is
better, because lower values indicate that the LM has just memorizes specific numbers instead of performing
sampling. We present here the mean values across the four distributions, for all ten seeds. We can see that the
Fourier head obtains more diverse samples, and learns a distribution closer to the ground truth.

A.12 FP: Implementation details

A.12.1 Training hyperparameters

We train for 5000 steps with an effective batch size of 8 (using gradient accumulation over two steps) and
saved model checkpoints every five hundred steps. We used bf16 mixed precision with tf32 support and
initialized from the THUDM/CogVideoX-5b-I2V pretrained weights. ControlNet [139] was initialized
from the first six transformer layers, for all three input channels, using a downscaling factor of eight, and a unit
weight coefficient. We use the AdamW optimizer [79] (initial learning rate 1↔ 10

⇒5, ⇀1 = 0.9, ⇀2 = 0.95,
maximum gradient norm 1.0) under a cosine-with-restarts learning-rate schedule (one cycle, 250 warm-up
steps). We set our random seed to 42. Training videos contained up to 49 frames at 8 fps.

There are a total of 42 transformer blocks that we may use to initialize our ControlNet. We chose the first
six due to memory constraints. With more compute resources, one could potentially achieve higher quality
control. We expose the number of transformer blocks to use in the ControlNet as a command line argument
for convenience in our training code release.
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Figure A24: We present example next action distributions for a single step in the Decision Transformer test
split. The Fourier agent with 8 frequencies produces a “clump” of actions that is semantically meaningful.
Namely, this agent almost certainly wants to shoot in the down right or right direction, presumably because
there is a submarine in that direction. In contrast, the linear agent’s next-action distribution doesn’t clearly
depict a strategy, and incorrectly assigns higher likelihoods to incorrect actions. Because the Fourier head
outputs a smoother PMF, it learns to concentrate more probability mass near the correct action.

A.12.2 Additional details: mass understanding quantitative study

Each ball is subjected to forces of magnitude 0.125 · n, where n ↑ {1, . . . , 8}, with 10 videos generated
per force value using different random seeds. To ensure experimental control, we utilize the GPT-Image-1
API to generate first frames and their variations, maintaining consistent initial ball positions and shapes
across conditions. We automatically detect ball position using a Faster R-CNN model with a ResNet-50-FPN
backbone [98], tracking the sports ball class (ID 37). We compute the distance traveled as the Euclidean
distance in pixel space between detected bounding box centers in the first and last frames.

A.12.3 Additional details: encoding strategy, point force

For the first frame, we set the pixel values equal to 0 everywhere except for a Gaussian blob of radius 20

centered at (x, y), which gets a value of 1; and at the final frame of the control signal, the blob will have
moved a distance of ( 18 +

3
8F ) · w pixels. This ensures that when the force is minimized at F = 0, the total

displacement is w/8, and when the force is maximized at F = 1, the total displacement is w/2.

A.12.4 Additional details: comparison with PhysDreamer

We took six flower demo videos from the PhysDreamer teaser videos (Alocacia, Carnation, Orange Rose, Red
Rose, White Rose, Tulip) and took a screenshot of a still frame from the video that did not have any force
annotation on it. We passed these six frames, as well as the six equivalent force prompts (i.e. the same force
vector from the original demo) into the Force Prompting model. We presented these videos side by side in
the human study, which we served using Qualtrics. Both videos for a given scene were shown to the human
annotator simultaneously, with left/right randomization.
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Figure A25: We present an ablation study on the effect of the model size on the relative performance of the
Fourier head and the Linear head. The results demonstrate that, across model sizes, the Decision Transformer
with a Fourier head is better at learning high-quality next action distributions than the Decision Transformer
with a linear head.

A.13 FP: Additional details: zero-shot multiple forces

A.13.1 Multiple forces for multiple objects, benchmark

Our experiments confirm that the model successfully handles multiple simultaneous forces without requiring
retraining. This capability emerges zero-shot by simply adding multiple Gaussian blobs to the control signal
videos—one for each applied force. We include these videos in the project webpage. The 6 scenes we tested
are:

• An image with 2 Christmas tree ornaments

• An image with 2 toy cars

• An image with 2 vases, each with a flower in it

• An image with 2 roses leaning diagonally, growing out of the ground

• An image with 2 dandelions growing in a field

• An image with 2 apples on separate branches of a tree

We generated these images using the GPT-Image-1 API. To test each image, we identified two directions
where it would be reasonable to poke each object; for example, the dandelions can each be poked to the left
and to the right. Then for each image, we used 4 different multiple-force force prompts, representing the 2↔ 2

different ways of combining the two different directions; for example, we can poke both dandelions to the left,
poke both to the right, poke one to the right and the other to the left, then poke one to the left and the other to
the right. We computed one video for each, using the same seed for all of them, with no cherry-picking. We
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Fourier Head Ablation Study: Dataset Size

Figure A26: In this ablation study, we analyze whether dataset size has any effect on the relative performance
of the Linear head and the Fourier head. Our results show that, across dataset sizes, the Decision Transformer
agent with a Fourier head achieves larger returns than the linear head on the Seaquest game.

found that 5/6 of the videos in this multi-poke benchmark had perfect force adherence, and one of them had
nearly perfect force adherence. The only failure case was in the two apples scene; when the left apple is poked
to the right and the right apple is poked to the left, they move as if they were both poked to the right.

A.13.2 Multiple forces for multiple objects, mass understanding

We used the GPT-Image-1 API to construct images where two objects of different apparent masses are present.
The first image contains an empty laundry basket on the left side of the frame, and a full laundry basket on the
right side of the frame. The second image contains a book on the left side of the frame, and a stack of books
on the right side of the frame. We passed both sets of images into the multi-poke Force Prompting inference
pipeline and instructed the model to poke both sets of objects towards the middle of the frame with the same
force magnitude. Across 8 different force magnitudes {0.125 ▽ i, i ↑ {1, . . . , 8}} we found that the lighter
object moved much further, with the heavier item barely moving at all. We include videos on our project page.

A.14 FP: Additional qualitative results

A.14.1 Failures and Limitations

Figure A33 illustrates and categorizes failure cases of Force Prompting. We observe model correlation
issues—for example, in hair-blowing scenarios, faces sometimes reorient based on wind direction, likely
reflecting patterns in training data where hair typically blows backward. Our method is fundamentally
constrained by the underlying video prior’s physical understanding; we focus on controlling existing physical
capabilities rather than improving the model’s physics comprehension. We defer to other works that specifically
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Figure A27: We present empirical results for how the quantity of Fourier frequencies impacts returns and
smoothness for additional imitation learning games. For normalized returns, higher is better; for smoothness,
lower is better. We can see that for the BankHeist, DoubleDunk, and Gravitar games, the Fourier agent
consistently achieves higher normalized returns than the linear baseline agent, while still learning smoother
next-action distributions.

aim to enhance physical accuracy in generative models, while noting that our approach benefits from efficiently
leveraging the scaling properties of the base model.

A.14.2 Extended comparison with physics simulation models

To demonstrate the point force model’s versatility, we curate a benchmark using first-frame images from
prominent physics-in-the-loop papers: PhysDreamer [140], DreamPhysics [53], MotionCraft [3], PhysGaus-
sian [131], PhysGen [76], PhysGen3D [19], Physics3D [75], and PhysMotion [113]. We apply our force
prompting approach to these diverse scenarios, including poking plants (alocasia, ficus, bouquet of flowers),
moving vehicles (boat in water, toy cars), and household objects (rocking horse). Our video results (see project
webpage) illustrate that our purely neural method can handle the same visual scenarios almost as effectively as
approaches requiring explicit physics simulation at inference time. These qualitative results are in line with
our findings in Table 3.2.
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Figure A28: We present the next token value distribution for a single forecasted timestep on the Tourism
Monthly dataset. We observe that the Fourier head’s learned conditional distribution is smoother, fitting signal
more robustly, whereas the linear head overfits to the noise, and is therefore more jagged. We note that the
x-axis represents the bins in the latent space [↓1, 1]; the x-axis values for the Fourier head are lower because
the linear head uses uniform binning, and the Fourier head uses mixed precision binning.

A.14.3 Training a unified model

We also train a unified model to learn both point force prompts and wind force prompts. We run inference on
this joint model using our point force benchmark, as well as our wind force benchmark. Our findings:

• More dynamic backgrounds: in many of the videos, the background moves more dynamically in a
natural way. For example, for the apple tree, the surrounding leaves move more naturally after the apple
is poked; in the video where a kid is sitting in the middle of a toy train track, the kid is moving more
naturally while the train is moving around the track; and in the video with falling leaves in the forest
with a woman sitting on a chair in the background, the woman in the chair moves more while the leaves
are being blown.

• Slightly less robust point force control: on some of the point force videos (e.g. the blueberry bush), the
control signal is not respected.

We designed this experiment by sourcing 50% of the training data and control signals in each batch from the
synthetic point force dataset, and the other 50% from the synthetic wind force dataset. We trained using the
same architecture and number of training steps as the original model.

A.14.4 Scaling the dataset size

We trained from scratch a wind force model which uses half as many synthetic flag waving videos. The only
variable that we changed was the dataset size; everything else (including the number of training steps and
learning rate scheduler) remained the same. For this model, we found some additional failure cases. One
failure case: for the image where a woman holds a sheet on the beach, the model hallucinates a bedsheet in
the background, indicating that the model has likely memorized the “waving flag” pattern from the training
dataset and is injecting it into the output video. A second failure case: the confetti’s response to the wind
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Fourier Head Ablation Study: Chronos Dataset Size

Figure A29: In this ablation study, we analyze whether dataset size has any effect on the relative performance
of the linear head and the Fourier head for the probabilistic time series task. Our results show that, across
dataset sizes, the Fourier head yields more accurate forecasts than the linear head. For the dataset sizes
1.1 ↔ 10

5, 1.1 ↔ 10
6, and 1.1 ↔ 10

7, we report the average MASE across four seeds; for the dataset size
1.1 ↔ 10

8 we report the MASE from Table 2.3. We generate the plot following [61] and observe a similar
power-law scaling behavior for both methods, with the Fourier head consistently outperforming the linear
head.

isn’t as convincing. For example, some of the confetti will blow in the wind’s direction but some will stay
stationary. This indicates that the model hasn’t generalized properly, perhaps because of less training data.

A.15 FP: Additional emergent phenomena

A.15.1 Case study #1: Does the model enforce physical affordances?

The Force Prompting models demonstrate a surprising capability to respect object-specific movement con-
straints. For example, when a train on a circular track is poked forward, it follows the curved trajectory of the
track rather than continuing in a straight line—a behavior similarly observed with windmills respecting their
rotational axis. We also note interesting emergent behaviors with multi-part objects: poking the lead car of a
toy train forward sometimes pulls the entire train along, while other times only the first car moves; conversely,
backward forces consistently push the entire train as a unit.

A.15.2 Case study #2: Does the model understand atomicity of objects?

We evaluate the local force model’s sensitivity to the specific pixel chosen as the application point for localized
forces. Results demonstrate consistent object movement regardless of which part of the object receives the
force. For example, whether poking a train’s engine, middle car, or caboose, the entire object responds
appropriately to the applied force. This suggests the model has developed a holistic understanding of object



120

Fourier Head Ablation Study: Chronos Model Size

Figure A30: In this ablation study, we analyze whether model size has any effect on the relative performance
of the linear head and the Fourier head for the probabilistic time series forecasting task. Our results show that,
across model sizes, the Fourier head yields more accurate forecasts than the linear head. For the model sizes
1.25M, 2.5M, 5M, and 10M, we report the average MASE across three seeds; for the model size 20M we
report the MASE from Table 2.3. We generate the plot following [61] and observe a similar power-law scaling
behavior for both methods, with the Fourier head consistently outperforming the linear head.

wholeness rather than simply responding to pixel-level manipulations.

A.15.3 Case study #3: Does the model preserve cinematic effects of the original
image?

The model demonstrates an ability to maintain the original image’s stylistic and cinematic properties throughout
generated sequences. For example, when animating a toy car from an image with a depth-of-field effect, the
model preserves the background blur as the car moves, ensuring visual continuity with the source image’s
aesthetic. This suggests the model not only understands physical motion but also respects the artistic intent
and visual language of the input image. See the project page for videos.

A.16 FP: Survey Details and Instructions

We sourced participants from Prolific, compensating responders $12/hr. Our surveys specify the number of
questions and an expected time limit. For example, we present the following to participants at the start of the
survey:

Thank you for taking this survey! It should take less than 25 minutes.

There are 208 questions total. You should aim to spend around 7-8 seconds per question. You will
be shown two videos, and you must choose which video more accurately shows the effect of the
wind blowing in the direction indicated by the question. Please read each question carefully.

https://www.prolific.com/
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Chronos Time Series Model MASE (∃) WQL (∃) Smoothness (∃)
Linear 0.883 0.750 0.1689 ± 0.1087
Fourier-64 0.875 0.798 0.0032 ± 0.0012
Fourier-128 0.872 0.767 0.0068 ± 0.0035
Fourier-256 0.859 0.755 0.0139 ± 0.0087
Fourier-550 0.852 0.749 0.0283 ± 0.0224
Fourier-550 (no regularization) 0.861 0.753 0.0286 ± 0.0219
Fourier-550 (uniform precision binning) 0.873 0.747 0.0395 ± 0.0252

Table A5: We present large-scale experiments on Chronos time series forecasting. Notably, every Fourier
model outperforms the linear baseline on MASE and smoothness metrics. We can see that within the Fourier
model class, decreasing the number of frequencies lets you trade off the continuity of the learned probability
mass functions (smoothness) for the quality of the forecasts (MASE, WQL). In the bottom two rows, we
present an ablation for our large-scale experiments on Chronos time series forecasting. The best overall
performing Fourier-550 model uses Fourier regularization and mixed precision binning, which are both
techniques informed by Fourier analysis. We observe that both of these interventions improve the MASE, but
have minimal effect on the WQL. Note that the choice of binning strategy doesn’t affect the performance of
the linear baseline.

There are hidden vigilance questions, so please make sure you answer to the best of your ability.
We will be rejecting extremely poor quality responses.

At the end of the survey, there is a place to put your Prolific ID so we can confirm you’ve taken
the survey. Please respond only once to this survey (you may have done a similar survey in the
past day, that is fine) and thank you for your time!

Please do not spend more than 25 minutes on this survey! We don’t want to waste your time :)

We then present participants with example questions and what we consider an appropriate response along
with our reasoning, a screen shot of an example can be found in Figure A34. We then present participants
with questions following the example for them to answer. They may select their preference from two videos
by selecting the radio button underneath their selection, which is depicted in Figure A35.

A.17 GF: Additional Experiment Details

A.17.1 Comparison to Prior Works: Direct Force Prompting Quantitative Compari-
son

We encode the the goal force prompt in the second channel of the control signal, and we encode the direct
force prompt (which is a similar task to PhysDreamer [140], Force Prompting [37], and PhysGen [76]) in
the first channel of the control signal. In Table A7 we compare the “Direct Force Prompting” capability of
our model to those three models via a 2AFC human study (N = 10) conducted on Prolific. We gathered two
benchmarks: a PhysGen benchmark, consisting of four scenes highlighted on that work’s project page; as
well as a PhysDreamer benchmark, consisting of three scenes highlighted on that work’s project page. We
compare our model to PhysGen and Force Prompting on the PhysGen benchmark, and we compare our model
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to PhysDreamer and Force Prompting on the PhysDreamer benchmark. Note that PhysGen models rigid body
mechanics, whereas PhysDreamer models oscillations.

A.17.2 Synthetic Data Generation

In this section, we provide an in-depth discussion of the methods and specific parameters utilized for generating
our synthetic training data. This data is used to train the Goal Force model to act as an implicit neural physics
planner.

For all synthetic datasets, a key step in creating the multi-channel control signal ϖ̃ is the projection of 3D
forces and object properties onto the 2D image plane. We use the camera’s parameters to map 3D force vectors
and object world coordinates into 2D pixel coordinates, enabling us to accurately model physical interactions
within the video frames.

Dominos Dataset

We generated 3k videos of domino chain reactions using Blender. The setup models a causal chain where an
initial direct force on one domino results in a predictable goal force on a downstream target domino.

To ensure diversity and robustness, we randomized the following parameters per video:

• Domino Count: Uniformly sampled from Unif{3, . . . , 10}.

• Scene Geometry: Randomized placement and orientation of the domino line.

• Causality: Choice of the initial target domino and the direction of the chain reaction (i.e., hitting the
domino in front or behind).

• Visuals: Randomized camera position, ground textures (from 42 Polyhaven options), and High Dynamic
Range Images (HDRIs) for lighting and background (from 50 Polyhaven options).

• Force Magnitude: Continuous values from [0, 1], where 0 represents the minimum force required for
the domino to topple and 1 represents a maximal, strong impulse.

Each video is accompanied by a JSON file that records the names of the initial and adjacent contact dominos,
along with the complete 2D pixel coordinates for all dominos across every frame.

Rolling Balls Dataset

This dataset comprises 6k videos generated in Blender, split into two primary categories to capture both
collision and non-collision causal interactions:

1. Collision Set (4.5k videos): A “projectile” ball, acted upon by an unseen point force, is aimed to collide
with one specific “target” ball within a group of initially stationary “distractor” balls.

2. Non-Collision Set (1.5k videos): The projectile ball is aimed such that it misses the target ball.

For the Collision Set, we ensured a diverse range of physical scenarios by randomizing:
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• Ball Count: Unif{3, . . . , 9}.

• Physical Properties: Ball colors, ball masses Unif(1.0, 4.0) kg, and all ball positions.

• Visuals: Randomized camera position and ground textures.

• Force Calculation: To guarantee collision, a minimum required force is calculated based on the
projectile mass, distance to the target, and a randomized collision time (Unif(2.5, 4.5) seconds). This
minimum force is scaled by Unif(1.2, 1.6) to introduce physical variation.

The collision videos are evenly split between straight-on and indirect collisions. For both types, the script
first calculates the precise angular window necessary for the projectile to hit the target.

• For straight-on collisions, the force is aimed directly at the center of this calculated angular window.

• For indirect collisions, the force angle is randomly sampled within this window, resulting in an off-center
strike.

This mixed-collision approach helps the model learn diverse post-collision behaviors.
For the Non-Collision Set, we randomized: ball quantity (Unif{3, . . . , 5}), ball textures, positions, camera

angle, ground textures, target ball selection, force angle ([0, 360∝)), and force magnitude ([0, 1]).
For all ball videos, a JSON file records initial 2D/3D coordinates and physics parameters. For the

videos featuring indirect collisions, we also save the complete 2D pixel trajectory of the target ball. For the
non-collision videos, we save the final 2D trajectory angle of the projectile ball.

Plants Dataset

This dataset, generated using PhysDreamer [140] (which integrates 3D Gaussians and a physics simulator),
focuses on non-rigid body dynamics. The videos show a plant (carnation) swaying after being subjected to a
direct force. We randomized the following parameters:

• Initial Conditions: Camera position and initial object configuration.

• Force Application: Contact points, force angles, and force magnitudes in [0, 1], where 0 is a gentle
poke and 1 is a strong impulse.

A.17.3 Ablation studies

How important is the mass channel?

We find that masking the mass channel during training and relying on text instead for mass leads to worse
performance than reported in Figure 4.6.

How important is the direct force channel?

We find that masking the direct force channel during training causes the model to fail on some of the complex,
out-of-domain causal chains, such as human-object interactions.
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How specific does the text prompt need to be?

We conducted ablation studies to confirm that the action itself does not need to be specified in the text prompt
(e.g., “the dog paw causes a ball to move” works just as well as “the dog paw nudges the ball”). When
the source of action is unspecified, the model resorts to its pre-trained prior to choose a cause, which may
sometimes be an “invisible” force. We highlight that, even when the source of action is specified in the text
prompt, the low-level physical dynamics are not (e.g., we never specify to “hit the ball at that angle with that
force”). Additionally, the ability to specify the interaction source and type is a desirable feature (e.g., for
robotics applications), as it allows users to provide the embodiment and the high-level plan information.
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Table A6: All datasets that are used for our time series forecasting experiments. We built our time series
forecasting experiments on top of Chronos [6], and this table is mostly copied from their paper. The datasets
are partitioned according to how they are used for training and evaluation of models: pretraining-only data
is only used for training; evaluation data is not used in training models, but only for evaluation (final H
observations). All of our evaluation datasets came from the zero-shot evaluation set from Chronos.

Dataset Domain Freq. # Series Series Length Prediction
min avg max Length (H)

Pretraining
Brazilian Cities Temperature nature M 12 492 757 1320 -
Mexico City Bikes transport 1H 494 780 78313 104449 -
Solar (5 Min.) energy 5min 5166 105120 105120 105120 -
Solar (Hourly) energy 1H 5166 8760 8760 8760 -
Spanish Energy and Weather energy 1H 66 35064 35064 35064 -
Taxi (Hourly) transport 1H 2428 734 739 744 -
USHCN nature 1D 6090 5906 38653 59283 -
Weatherbench (Daily) nature 1D 225280 14609 14609 14610 -
Weatherbench (Hourly) nature 1H 225280 350633 350639 350640 -
Weatherbench (Weekly) nature 1W 225280 2087 2087 2087 -
Wiki Daily (100k) web 1D 100000 2741 2741 2741 -
Wind Farms (Daily) energy 1D 337 71 354 366 -
Wind Farms (Hourly) energy 1H 337 1715 8514 8784 -

Evaluation
Australian Electricity energy 30min 5 230736 231052 232272 48
CIF 2016 banking 1M 72 28 98 120 12
Car Parts retail 1M 2674 51 51 51 12
Hospital healthcare 1M 767 84 84 84 12
M1 (Monthly) various 1M 617 48 90 150 18
M1 (Quarterly) various 3M 203 18 48 114 8
M1 (Yearly) various 1Y 181 15 24 58 6
M3 (Monthly) various 1M 1428 66 117 144 18
M3 (Quarterly) various 3M 756 24 48 72 8
M3 (Yearly) various 1Y 645 20 28 47 6
M4 (Quarterly) various 3M 24000 24 100 874 8
M4 (Yearly) various 1Y 23000 19 37 841 6
M5 retail 1D 30490 124 1562 1969 28
NN5 (Daily) finance 1D 111 791 791 791 56
NN5 (Weekly) finance 1W 111 113 113 113 8
Tourism (Monthly) various 1M 366 91 298 333 24
Tourism (Quarterly) various 1Q 427 30 99 130 8
Tourism (Yearly) various 1Y 518 11 24 47 4
Traffic transport 1H 862 17544 17544 17544 24
Weather nature 1D 3010 1332 14296 65981 30

https://www.kaggle.com/datasets/volpatto/temperature-timeseries-for-some-brazilian-cities
https://ecobici.cdmx.gob.mx/en/open-data/
https://www.nrel.gov/grid/solar-power-data.html
https://www.nrel.gov/grid/solar-power-data.html
https://www.kaggle.com/datasets/nicholasjhana/energy-consumption-generation-prices-and-weather
https://github.com/mbohlkeschneider/gluon-ts/tree/mv_release/datasets
https://cdiac.ess-dive.lbl.gov/ftp/ushcn_daily/
https://github.com/pangeo-data/WeatherBench
https://github.com/pangeo-data/WeatherBench
https://github.com/pangeo-data/WeatherBench
https://wikimedia.org/api/rest_v1/
https://zenodo.org/record/4654909
https://zenodo.org/record/4654909
https://zenodo.org/record/4659727
https://zenodo.org/records/4656042
https://zenodo.org/record/4656022
https://zenodo.org/record/4656014
https://zenodo.org/records/4656159
https://zenodo.org/records/4656154
https://zenodo.org/records/4656193
https://zenodo.org/records/4656298
https://zenodo.org/records/4656262
https://zenodo.org/records/4656222
https://github.com/Mcompetitions/M4-methods
https://github.com/Mcompetitions/M4-methods
https://github.com/Nixtla/datasetsforecast/blob/main/datasetsforecast/m5.py
http://www.neural-forecasting-competition.com/downloads/NN5/datasets/
https://zenodo.org/records/4656125
https://zenodo.org/record/4656096
https://zenodo.org/record/4656093
https://zenodo.org/record/4656103
https://zenodo.org/record/4656132
https://zenodo.org/record/4654822
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Ablation Studies: Importance of Synthetic Training Data Diversity

Figure A31: Results from our ablation studies on synthetic dataset design choices. Top: when the
global wind force model is trained on a dataset with only one flag, it overfits, causing the woman’s arm to
wave unnaturally like fabric and failing to generalize to fluid dynamics scenarios such as smoke. Middle:
when trained with a single background, the global force model fails to differentiate between foreground and
background elements, significantly degrading overall visual quality. Bottom: when trained without distractor
objects, the point force model cannot properly localize motion, applying forces indiscriminately rather than to
the intended target.
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Ablation Studies: Importance of Using Force-Related Keywords

Figure A32: Results from our ablation studies on text prompt specificity. In this ablation study, we
investigate how material descriptions in text prompts affect model generalization through a 2↔ 2 grid search
ablation study. We train and test our wind model with and without wind-related keywords (wind/breeze/blow).
Our results demonstrate that omitting these keywords during training significantly increases failure cases in
our benchmark dataset. For example, steam is conjured out of thin air instead of being blown correctly. In
contrast, models trained with wind-specific terminology demonstrated superior generalization to diverse wind
scenarios.
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Limitations of Force Prompting Method

Figure A33: Analysis of failure cases. We illustrate and categorize failure cases of Force Prompting. The top
row shows scenarios where the generated physical motion is out-of-domain for the base CogVideoX model,
leading to partial adherence to the force prompt. The bottom row depicts failures in visual fidelity or physical
realism when the video prior conflicts with the force prompt’s intent. More examples are available on our
project webpage.

Visual Quality Dominos Pool balls Stone tower Wall toy Orange Rose White Rose Tulip
Force Prompting 90.0% 80.0% 60.0% 50.0% 100.0% 80.0% 60.0%
PhysGen 60.0% 100.0% 100.0% 80.0% – – –
PhysDreamer – – – – 50.0% 50.0% 50.0%

Force Adherence Dominos Pool balls Stone tower Wall toy Orange Rose White Rose Tulip
Force Prompting 90.0% 90.0% 80.0% 90.0% 50.0% 60.0% 50.0%
PhysGen 90.0% 80.0% 80.0% 40.0% – – –
PhysDreamer – – – – 40.0% 30.0% 60.0%

Table A7: Human study comparing the Direct Force capability of the Goal Force method to prior works.
Numbers indicate the percentage of human pairwise preferences for Goal Force Prompting’s direct force
capability (i.e. encoding the force in the first channel) over each baseline on each benchmark dataset. The
results demonstrate that Goal Force achieves consistently higher visual quality, as well as superior force
adherence against the majority of baselines. Notably, our method achieves these results without relying on
physics simulators or 3D assets at inference, unlike PhysDreamer and PhysGen. We note that PhysGen models
rigid body mechanics, whereas PhysDreamer models oscillations, so they can’t be directly compared to one
another.
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Figure A34: A demonstration question from one of our surveys. Participants are shown an example question
with a response along with the reasoning for that response.

Figure A35: A question from one of our surveys. Participants are shown two videos side to side, with radio
buttons beneath that they may use to make a selection of which better adheres to the question. The videos play
automatically and simultaneously.
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Figure A36: Samples from our synthetic training datasets. Top (ball) and middle (flower) are timelapses
from our point force training dataset; bottom (flag) are timelapses from the global force training dataset.
Our key finding is that video generation models can generalize well when adapted to follow physical force
conditioning from videos synthesized by Blender, even with limited demonstrations on few ojects.
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Scene # Valid # Success % Accuracy
Dominos 50 50 100.00
Pool Scene 1 49 48 97.96
Pool Scene 2 22 12 54.55
Duckie Scene 1 40 34 85.00
Duckie Scene 2 37 24 64.86
Duckie Scene 3 41 38 92.68
Kitchen Lemon 50 50 100.00
Kitchen Cantaloupes 50 39 78.00
Paper Balls 50 49 98.00
Coffee Cups 44 41 93.18
Accessories 50 47 94.00
Curling Stones 49 37 75.51
Rubik's Cube 49 46 93.88
Curling Stones - Tool Use 47 45 95.74
Accessories - Tool Use 47 40 85.11
Coffee Cups - Tool Use 44 44 100.00
Air Hockey - Tool Use 45 38 84.44
Kitchen Lemon - Tool Use 50 44 88.00
Paper Balls - Tool Use 50 47 94.00
Plant Pots - Tool Use 46 38 82.61
Soaps - Tool Use 48 42 87.50
Rubik's Cube - Tool Use 48 45 93.75

Table A8: Visual planning results for all test scenes. We also report the visual planning accuracy for diverse
tool use scenarios, where success is defined as correctly using tools to achieve the specified goal force in the
presence of distractors. The results show that the model achieves a high success rate in most cases across
diverse and complex scenarios.



132

Figure A37: Visualization of all visual planning test scenes. The inset shows the initial state, where the green
arrow indicates the goal force, while the larger image shows a valid outcome.


	List of Tables
	List of Figures
	Self-Correcting Self-Consuming Loops For Generative Model Training
	Related Work
	Learning Representations with Synthetic Data
	Training Generative Models on Synthetic Data

	Overall Training Procedure
	Theoretical Analysis
	Preliminaries
	Assumptions
	Iterative Fine-Tuning with Correction

	Toy Example: Gaussian
	Toy Example: MNIST
	Human Motion Synthesis
	Generative Model
	Physics Simulator as Self-Correction Function
	Experimental setup
	Quantitative Analysis of Results
	Qualitative Analysis of Results

	Conclusion

	Fourier Head: Helping Large Language Models Learn Complex Probability Distributions
	Fourier Head
	Fourier Head: Motivation
	Fourier Head: Definition
	Fourier Head: Considerations for Training

	Theoretical Analysis of Fourier Head
	``Smoothness'': A Metric for High Frequency Content
	A Scaling Law for the Fourier Head, in Frequency-aspect

	Toy Examples
	Learning A Continuous Conditional Distribution
	Are LLMs Random Number Generators?

	Large-Scale Study: Offline Reinforcement Learning
	Large-Scale Study: Probabilistic Time Series Forecasting
	Related Work
	Conclusion

	Force Prompting: Video Generation Models Can Learn and Generalize Physics-based Control Signals
	Related Works
	Method: Force Prompting
	Synthetic training data
	Local and Global Force Prompts
	Architecture and Training

	Quantitative and Qualitative Results
	Ablation Studies
	Ablation Study #1: Composition of Synthetic Dataset
	Ablation Study #2: Text Prompt Specificity

	Mass Understanding
	Conclusion

	Goal Force: Teaching Video Models To Accomplish Physics-Conditioned Goals
	Related Works
	Method: Prompting with Goal Force
	Multi-Channel Physics Control Signal
	Goal Reaching via Implicit Planning
	Architecture and Training Details

	Experimental Comparisons
	Comparison to Text-Only Baselines
	Comparison to Prior Methods

	Goal Force Enables Visual Planning
	Visual Plans are Accurate
	Visual Plans are Diverse
	Visual Plans Leverage Privileged Physics

	Conclusion

	Appendix
	SCSC: Mathematical Theory: The Proof of Theorem 1.3.3
	Mathematical Setup and Notation
	Convergence of Iterative Fine-tuning with Correction for Infinite Sampling
	Stability of Iterative Fine-tuning with Correction for Finite Sampling
	Discussion: The Main Limitation

	SCSC: Discussion about Assumption 1.3.2
	SCSC: Point-wise correction corresponds to distribution-wise correction
	SCSC: More MNIST Experiment Details
	SCSC: Additional Human Motion Generation Qualitative Results
	SCSC: Additional Human Motion Generation Quantitative Results
	SCSC: Consistency Across Seeds: Additional Human Motion Generation Quantitative Results
	FH: Proof of Fourier Head Scaling Law, Theorem 2.2.3
	Definitions
	Overview of Proof
	Proving Theorem 2.2.3 Using the Lemmata
	Proving the Lemmata

	FH: Smoothness Metric
	FH: Additional Experiment Details, Toy Examples
	Motivating Example: Audio Spectrogram Transformer
	Learning a Continuous Density
	MLE-based Fourier Head
	Are LLMs Random Number Generators?

	FH: Additional Experiment Details, Large-Scale Examples
	Decision Transformer
	Chronos

	FP: Implementation details
	Training hyperparameters
	Additional details: mass understanding quantitative study
	Additional details: encoding strategy, point force
	Additional details: comparison with PhysDreamer

	FP: Additional details: zero-shot multiple forces
	Multiple forces for multiple objects, benchmark
	Multiple forces for multiple objects, mass understanding

	FP: Additional qualitative results
	Failures and Limitations
	Extended comparison with physics simulation models
	Training a unified model
	Scaling the dataset size

	FP: Additional emergent phenomena
	Case study #1: Does the model enforce physical affordances?
	Case study #2: Does the model understand atomicity of objects?
	Case study #3: Does the model preserve cinematic effects of the original image?

	FP: Survey Details and Instructions
	GF: Additional Experiment Details
	Comparison to Prior Works: Direct Force Prompting Quantitative Comparison
	Synthetic Data Generation
	Ablation studies



